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7KH (TXLW\ 3UHPLXP 3X]]OH DQG WKH 5LVN�)UHH 5DWH 3X]]OH DW
/RQJ +RUL]RQV \

.HQW 'DQLHOe DQG 'DYLG 0DUVKDOOee

$EVWUDFW

7KH IDLOXUH RI FRQVXPSWLRQ EDVHG DVVHW SULFLQJ PRGHOV WR PDWFK WKH VWRFKDV�
WLF SURSHUWLHV RI WKH HTXLW\ SUHPLXP DQG WKH ULVN�IUHH UDWH KDV EHHQ DW�
WULEXWHG E\ VRPH DXWKRUV WR IULFWLRQV� WUDQVDFWLRQ FRVWV RU GXUDELOLW\� +RZ�
HYHU� VXFK IULFWLRQV ZRXOG SULPDULO\ DmHFW WKH KLJKHU IUHTXHQF\ GDWD FRPSR�
QHQWV� FRQVXPSWLRQ�EDVHG SULFLQJ PRGHOV WKDW FRQFHQWUDWH RQ ORQJ�KRUL]RQ
UHWXUQV VKRXOG EH PRUH VXFFHVVIXO�

:H FRQVLGHU WZR FRQVXPSWLRQ�EDVHG PRGHOV� WLPH�VHSDUDEOH XWLOLW\� DQG WKH
KDELW PRGHO RI &RQVWDQWLQLGHV ������� :H HVWLPDWH D YHFWRU $5&+ PRGHO
WKDW LQFOXGHV WKH SULFLQJ NHUQHO DQG WKH HTXLW\ UHWXUQ� DQG XVH WKH nWWHG
PRGHO WR DVVHVV WKH PRGHO
V LPSOLFDWLRQV IRU WKH HTXLW\ SUHPLXP DQG IRU WKH
ULVN�IUHH UDWH� 1HLWKHU PRGHO SHUIRUPV ZHOO DW D TXDUWHUO\ KRUL]RQ� EXW DW
ORQJHU KRUL]RQV WKH &RQVWDQWLQLGHV PRGHO FDQ PDWFK WKH PHDQ DQG WKH YDUL�
DQFH RI WKH REVHUYHG HTXLW\ SUHPLXP� FDSWXUHV WLPH�YDULDWLRQ RI WKH HTXLW\
SUHPLXP� DQG FDQ EHWWHU PDWFK WKH REVHUYHG ULVN�IUHH UDWH� :H FRQFOXGH
WKDW WKH HTXLW\ SUHPLXP DQG ULVN�IUHH UDWH SX]]OHV DUH SULPDULO\ SUREOHPV
IRU VKRUWHU�KRUL]RQ UHWXUQV�

\:H WKDQN 6WHYH &HFFKHWWL� /DUU\ &KULVWLDQR� -RKQ &RFKUDQH� *HRUJH &RQVWDQWLQLGHV� /DUU\
(SVWHLQ� /DUV +DQVHQ� DQG DQ DQRQ\PRXV UHIHUHH IRU QXPHURXV XVHIXO VXJJHVWLRQV� DQG ZH

DFNQRZOHGJH *OHQQ 0F$IHH IRU VXSHUODWLYH UHVHDUFK DVVLVWDQFH� 'DQLHO JUDWHIXOO\ DFNQRZOHGJHV
UHVHDUFK VXSSRUW IURP WKH WKH &HQWHU IRU 5HVHDUFK LQ 6HFXULW\ 3ULFHV �&563� DW WKH 8QLYHUVLW\
RI &KLFDJR� 6RPH UHVXOWV LQ WKLV SDSHU ZHUH SUHYLRXVO\ FLUFXODWHG LQ D ZRUNLQJ SDSHU HQWLWOHG�
�&RQVXPSWLRQ�%DVHG 0RGHOLQJ RI /RQJ�+RUL]RQ 5HWXUQV��

e.HOORJJ *UDGXDWH 6FKRRO RI 0DQDJHPHQW� 1RUWKZHVWHUQ 8QLYHUVLW\� (YDQVWRQ� ,/ ������ ����

��������� NHQWG#QZX�HGX

ee)HGHUDO 5HVHUYH %DQN RI &KLFDJR� ������������� GPDUVKDOO#IUEFKL�RUJ
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0RVW UHVHDUFK RQ FRQVXPSWLRQ�EDVHG DVVHW SULFLQJ IRFXVHV RQ VKRUW�KRUL]RQ UHWXUQV� 7KH

VWDUWLQJ SRLQW LV WKH IDPLOLDU LQWHUWHPSRUDO (XOHU HTXDWLRQ
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ZKHUH U~W�~ GHQRWHV WKH JURVV UHDO FXPXODWLYH HTXLW\ UHWXUQ IURP GDWH W WR GDWH W� ~ DQG

P~
W�~ GHQRWHV WKH LQWHUWHPSRUDO PDUJLQDO UDWH RI VXEVWLWXWLRQ �,056� EHWZHHQ ZHDOWK

DW GDWH W DQG ZHDOWK DW GDWH W � ~ � $ PRGHO RI SUHIHUHQFHV LV WKHQ SRVLWHG WKDW GHOLYHUV

P~
W DV D IXQFWLRQ RI DJJUHJDWH FRQVXPSWLRQ� ,PSOLFDWLRQV RI HTXDWLRQ ��� DUH WHVWHG IRU

UHWXUQ KRUL]RQV ~ HTXDO WR RQH PRQWK RU RQH TXDUWHU� 7\SLFDOO\� WKH WHVWV UHMHFW WKH

PRGHO� RIWHQ GHFLVLYHO\�

2I SDUWLFXODU LQWHUHVW DUH WKH LPSOLFDWLRQV RI ��� IRU WKH HTXLW\ SUHPLXP DQG WKH

ULVN�IUHH UDWH� /HW UI~
W GHQRWH WKH JURVV UHDO ULVN�IUHH UHWXUQ EHWZHHQ GDWHV W DQG W � ~ �

(TXDWLRQ ��� LPSOLHV WKH IROORZLQJ FKDUDFWHUL]DWLRQV RI WKH HTXLW\ SUHPLXP DQG WKH ULVN�
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7KH HTXLW\ SUHPLXP SX]]OH� DV GHnQHG E\ 0HKUD 	 3UHVFRWW ������� LV WKH FODLP WKDW WKH

PHDQ RI
(WU~W�~bUI ~W

UI ~W
LV PXFK ELJJHU WKDQb(

K
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r
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~
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� IRU SODXVLEOH FRQVXPSWLRQ�

EDVHG PRGHOV RI P~
W�~ � ,Q WKH FRQWH[W RI HTXDWLRQ ��� ZH FDQ DOVR GHnQH WKH SUHGLFWDELOLW\

SX]]OH DV WKH FODLP WKDW� IRU SODXVLEOH FRQVXPSWLRQ�EDVHG PRGHOV RIP~
W�~ � WKHUH LV LQVXp�

FLHQW WLPH�YDULDWLRQ LQ FRYW
r
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~
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WR H[SODLQ WKH REVHUYHG YDULDELOLW\ RI
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)LQDOO\� WKH ULVN�IUHH UDWH SX]]OH LV WKH FODLP WKDW� IRU FRQVXPSWLRQ�EDVHG PRGHOV RI P~
W

�7KH SUHGLFWDELOLW\ RI H[FHVV UHWXUQV WR HTXLWLHV DQG WR RWKHU nQDQFLDO DVVHWV LV GLVFXVVHG LQ
)DPD DQG )UHQFK �����D� ����E� ������ %HNDHUW 	+RGULFN ������� &XWOHU� 3RWHUED� 	 6XPPHUV
������� DQG )URRW ������� DPRQJ RWKHUV� 7KHVH REVHUYDWLRQV DUH DQRPDORXV DFFRUGLQJ WR WKH
WUDGLWLRQDO UDQGRP�ZDON FKDUDFWHUL]DWLRQ RI PDUNHW HpFLHQF\� 7KH\ FRXOG EH H[SODLQHG LI� LQ

HTXLOLEULXP� ULVN SUHPLXPV UHTXLUHG E\ LQYHVWRUV YDU\ WKURXJK WLPH� (TXDWLRQ ��� LV D SUHFLVH
FKDUDFWHUL]DWLRQ RI WKH QHHGHG YDULDWLRQ LQ ULVN SUHPLXPV� LQ WHUPV RI WKH WLPH�VHULHV SURSHUWLHV
RI P~
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WKDW FRPH ZLWKLQ VWULNLQJ GLVWDQFH RI UHVROYLQJ WKH HTXLW\ SUHPLXP SX]]OH� ERWK WKH

PHDQ� DQG WKH YDULDQFH� RI �
(WP

~
W�~

DUH WRR KLJK WR PDWFK WKH FRUUHVSRQGLQJ PRPHQWV

RI UI ~
W � &HFFKHWWL� /DP� 	 0DUN ������ HVWLPDWH D UHSUHVHQWDWLYH�DJHQW� WLPH�VHSDUDEOH

PRGHO ZKHUH FRQVXPSWLRQ DQG GLYLGHQGV DUH JRYHUQHG E\ D ELYDULDWH PRGHO 0DUNRY

VZLWFKLQJ PRGHO� DQG nQG WKDW ZKLOH WKH\ FDQ PDWFK WKH nUVW PRPHQWV RI WKH HTXLW\

DQG ULVN�IUHH UHWXUQ GDWD� WKH\ FDQQRW PDWFK ERWK WKH nUVW DQG VHFRQG PRPHQWV�

7KH HTXLW\ SUHPLXP SX]]OH DQG WKH SUHGLFWDELOLW\ SX]]OH DUH ERWK UHoHFWLRQV RI D

PRUH IXQGDPHQWDO SUREOHP� WKH ORZ FRUUHODWLRQ EHWZHHQ FRQVXPSWLRQ�JURZWK DQG HTXLW\

UHWXUQV DW VKRUW KRUL]RQV� &RQVLGHU )LJXUH �� ZKLFK GLVSOD\V FRUUHODWLRQV EHWZHHQ UHDO

TXDUWHUO\ VWRFN UHWXUQV DQG TXDUWHUO\ FRQVXPSWLRQ JURZWK DW YDULRXV OHDGV DQG ODJV� �,Q

WKLV nJXUH� FRQVXPSWLRQ LV PHDVXUHG DV SXUFKDVHV RI QRQGXUDEOHV SOXV VHUYLFHV� H[FOXGLQJ

WKH LPSOLFLW UHQWDO YDOXH RI RZQHU RFFXSLHG KRXVLQJ�� 7KH FRQWHPSRUDQHRXV FRUUHODWLRQ

EHWZHHQ TXDUWHUO\ UHWXUQV DQG TXDUWHUO\ FRQVXPSWLRQ JURZWK LV VPDOO �DSSUR[LPDWHO\

������ DQG WKH ODUJHVW FRUUHODWLRQ DW DQ\ OHDG�ODJ �ZKHQ UHWXUQV OHDG FRQVXPSWLRQ JURZWK

E\ RQH TXDUWHU� LV DSSUR[LPDWHO\ ����� &RFKUDQH 	 +DQVHQ ������ FDOO WKLV ORZ FRUUH�

ODWLRQ EHWZHHQ WKH UHWXUQ RQ PDUNHW SUR[LHV DQG FRQVXPSWLRQ JURZWK WKH ?FRUUHODWLRQ

SX]]OH�� $ QXPEHU RI IDFWRUV KDYH EHHQ SURSRVHG WR DFFRXQW IRU WKH ORZ FRUUHODWLRQV

EHWZHHQ VWRFN UHWXUQV DQG DJJUHJDWH FRQVXPSWLRQ JURZWK DW VKRUW�KRUL]RQV� LQFOXGLQJ

XQLQVXUDEOH FURVV�VHFWLRQDO KHWHURJHQHLW\�� n[HG FRVWV RI DGMXVWLQJ FRQVXPSWLRQ�� FRVWV

RI SRUWIROLR DGMXVWPHQW�� DQG HYHQ VPDOO GHYLDWLRQV IURP SHUIHFW UDWLRQDOLW\��

:KLOH WKHVH IDFWRUV FRXOG VXEVWDQWLDOO\ DmHFW WKH FR�PRYHPHQWV RI DVVHW UHWXUQV DQG

DJJUHJDWH FRQVXPSWLRQ DW KLJK IUHTXHQFLHV� WKH\ VKRXOG EH OHVV GLVUXSWLYH WR WKH WKH�

RU\ DW ORQJHU KRUL]RQV� )LJXUH � VXJJHVWV WKDW WKHUH PD\ EH PHULW LQ WKLV DUJXPHQW�

)LJXUH � LV DQDORJRXV WR )LJXUH �� H[FHSW WKDW WKH FRUUHODWLRQV LQ )LJXUH � DUH EHWZHHQ

FXPXODWLYH VWRFN UHWXUQV RYHU D RQH \HDU KRUL]RQ DQG RQH \HDU FRQVXPSWLRQ JURZWK �L�H��

�6HH :HLO ������ DQG &RFKUDQH 	 +DQVHQ �������
�6HH WKH GLVFXVVLRQ LQ &RFKUDQH 	 +DQVHQ ������ S� �����
�6HH� H�J�� &RQVWDQWLQLGHV 	 'XpH �������
�*URVVPDQ 	 /DURTXH ������� 0DUVKDOO ������� 0DUVKDOO 	 3DUHNK �������
�/XWWPHU ������� +H 	 0RGHVW �������
�&RFKUDQH �������
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FW�� FW� ZKHUH WKH WLPLQJ LQWHUYDO LV RQH TXDUWHU�� )LJXUH � VXJJHVWV WKDW WKH &RFKUDQH

	 +DQVHQ ������ FRUUHODWLRQ SX]]OH LV OHVV SURQRXQFHG IRU RQH�\HDU FXPXODWLYH UHWXUQV�

7KH FRQWHPSRUDQHRXV FRUUHODWLRQ EHWZHHQ FRQVXPSWLRQ JURZWK DQG UHWXUQV DW WKH RQH�

\HDU KRUL]RQ LV RYHU ���� DQG WKH PD[LPDO FRUUHODWLRQ RYHU DOO OHDGV DQG ODJV LV DOPRVW

�����

7KHVH UHVXOWV VXJJHVW WKDW FRQVXPSWLRQ�EDVHG PRGHOV RI WKH HTXLW\ SUHPLXP PD\

KDYH PRUH VXFFHVV LI WKH\ IRFXV RQ ORQJHU KRUL]RQ UHWXUQV� 6SHFLnFDOO\� LI WKH KLJKHU

XQFRQGLWLRQDO FRUUHODWLRQV GLVSOD\HG LQ )LJXUH � LPSO\ KLJKHU FRQGLWLRQDO FRYDULDQFHV

EHWZHHQ UHWXUQV DQG FRQVXPSWLRQ�JURZWK� WKHQ WKH HTXDWLRQ ��� VKRXOG SURYLGH D EHWWHU

nW WR REVHUYHG GDWD DV WKH KRUL]RQ LQFUHDVHV� +RZHYHU� LW LV XQFOHDU KRZ WKH ORQJHU

KRUL]RQ KRUL]RQ ZLOO DmHFW WKH ULVN�IUHH UDWH� ,Q IDFW� &RFKUDQH 	 +DQVHQ ������ nQG

WKDW OHQJWKHQLQJ WKH KRUL]RQ DFWXDOO\ H[DFHUEDWHV WKH ULVN�IUHH UDWH SX]]OH��

,Q WKLV SDSHU� ZH H[SORUH WKHVH TXHVWLRQV GLUHFWO\� :H FRQVLGHU ERWK WLPH�VHSDUDEOH

SUHIHUHQFHV DQG WKH &RQVWDQWLQLGHV ������ WLPH�QRQVHSDUDEOH KDELW�IRUPDWLRQ SUHIHU�

HQFHV� )RU HDFK RI WKHVH VSHFLnFDWLRQV� ZH HVWLPDWH D PRGHO RI WKH YHFWRU SURFHVVr
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WKDW DOORZV IRU WLPH�YDU\LQJ FRQGLWLRQDO VHFRQG PRPHQWV� :H XVH WKLV PRGHO
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DQG ZH WKHQ XVH WKHVH HVWLPDWHV WR HYDOXDWH ��� DQG ��� IRU LQYHVWPHQW KRUL]RQV ~ UDQJLQJ

IURP WKUHH PRQWKV WKURXJK WKUHH \HDUV�

:H XVH WZR PHDVXUHV RI FRQVXPSWLRQ� FRQVXPHU H[SHQGLWXUHV RQ QRQGXUDEOHV SOXV

VHUYLFHV� DQG H[SHQGLWXUHV RQ QRQGXUDEOH JRRGV RQO\� 7KH PHDVXUH RI FRQVXPHU VHUYLFHV

ZH XVH H[FOXGHV WKH VHUYLFH oRZ IURP WKH VWRFN RI RZQHU�RFFXSLHG KRXVLQJ� D VHULHV WKDW

LV LQFOXGHG LQ WKH GDWD RQ FRQVXPHU VHUYLFHV UHSRUWHG E\ WKH %XUHDX RI (FRQRPLF $QDO�

\VLV� :H H[FOXGH WKH VHUYLFH oRZ IURP RZQHU�RFFXSLHG KRXVLQJ IRU WKUHH UHDVRQV� ��� WKH

H[WUHPH GXUDELOLW\ RI WKH KRXVLQJ VWRFN� ��� WKH H[WUHPHO\ KLJK WUDQVDFWLRQ FRVWV �SH�

FXQLDU\ DQG QRQ�SHFXQLDU\� LQYROYHG LQ DGMXVWLQJ RQH
V FRQVXPSWLRQ RI RZQHU�RFFXSLHG

KRXVLQJ� DQG ��� WKH SUREDEOH LQDFFXUDFLHV LQ PHDVXULQJ WKLV oRZ� (YHQ WKRXJK ZH

�7KH IUHTXHQF\�GRPDLQ DQDO\VLV LQ 'DQLHO 	 0DUVKDOO ������ GHOLYHUV D VLPLODU UHVXOW�
�+RZHYHU� &HFFKHWWL� /DP� 	 0DUN ������ XVH DQQXDO HTXLW\ DQG ERQG UHWXUQV IURP ����

WR ����� DQG nQG WKDW� WDNLQJ DFFRXQW RI VDPSOLQJ YDULDELOLW\� YRODWLOLW\ ERXQGV DUH VDWLVnHG�
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VKRZ LQ 6HFWLRQ ��� WKDW WHVWLQJ PRGHOV DW ORQJ�KRUL]RQV ZLOO PLWLJDWH WKH HmHFWV RI

XQ�PRGHOHG GXUDELOLW\ DQG DGMXVWPHQW FRVWV RQ RXU WHVWV� WKH H[WUHPH GXUDELOLW\ DQG

DGMXVWPHQW FRVWV DVVRFLDWHG ZLWK KRXVLQJ DUH OLNHO\ WR PDNH WKH KRXVLQJ VHUYLFH GDWD

SUREOHPDWLF HYHQ IRU WKH WZR� DQG WKUHH�\HDU KRUL]RQV FRQVLGHUHG LQ WKLV SDSHU� )XU�

WKHUPRUH� WKH GDWD RQ KRXVLQJ VHUYLFHV GR QRW GLUHFWO\ PHDVXUH KRXVHKROG H[SHQGLWXUHV�

5DWKHU� WKH\ DUH FRQVWUXFWHG GDWD WKDW VHHN WR DSSUR[LPDWH WKH UHQWDO H[SHQGLWXUHV

WKDW D KRXVHKROG ZRXOG VSHQG LI WKH\ UHQWHG� UDWKHU WKDQ RZQHG� WKHLU KRXVH� )RU WKHVH

UHDVRQV� ZH H[FOXGH WKHVH GDWD IURP RXU PHDVXUH RI FRQVXPHU H[SHQGLWXUHV RQ VHUYLFHV�

$FFRUGLQJ WR RXU HPSLULFDO UHVXOWV� QHLWKHU RI WKH FRQVXPSWLRQ�EDVHG PRGHOV nW WKH

HTXLW\ SUHPLXP RU WKH ULVN�IUHH UDWH DW WKH TXDUWHUO\ KRUL]RQ� UHJDUGOHVV RI WKH ZD\

FRQVXPSWLRQ LV PHDVXUHG� )XUWKHUPRUH� WLPH�VHSDUDEOH SUHIHUHQFHV GR SRRUO\ DW DOO

KRUL]RQV� +RZHYHU� WKH &RQVWDQWLQLGHV ������ PRGHO SHUIRUPV UHPDUNDEO\ ZHOO DW WKH

WZR�\HDU KRUL]RQ IRU ERWK FRQVXPSWLRQ VSHFLnFDWLRQV� ,Q SDUWLFXODU� YHUVLRQV RI WKLV

PRGHO UHSOLFDWH ERWK WKH PHDQ DQG WKH VWDQGDUG GHYLDWLRQ RI WKH REVHUYHG HTXLW\ SUH�

PLXP� DQG WKH WKHRUHWLFDO HTXLW\ SUHPLXP VHULHV JHQHUDWHG E\ WKHVH PRGHOV VKRZV VRPH

DELOLW\ WR WUDFN WKH REVHUYHG HTXLW\ SUHPLXP WKURXJK WLPH� :H DOVR nQG WKDW WKH &RQ�

VWDQWLQLGHV ������ PRGHO SURYLGHV D EHWWHU nW WR WKH PHDQ RI WKH ULVN�IUHH UDWH DV WKH

KRUL]RQ LV OHQJWKHQHG� ,QWHUHVWLQJO\� WKH H[FHVVLYH YDULDELOLW\ RI WKH ULVN�IUHH UDWH LPSOLHG

E\ WKLV PRGHO DW WKH TXDUWHUO\ KRUL]RQ FRPSOHWHO\ GLVDSSHDUV ZKHQ WKH KRUL]RQ LV VHW

EHWZHHQ WZR DQG WKUHH \HDUV� 6LPLODU UHVXOWV DUH REWDLQHG ZKHQ ZH XVH DQ DOWHUQDWLYH

VSHFLnFDWLRQ RI WLPH�QRQVHSDUDEOH SUHIHUHQFHV� WKDW RI WKH $EHO ������ ?FDWFKLQJ�XS�

ZLWK�WKH�-RQHVHV� PRGHO��� :H FRQFOXGH WKDW ERWK WKH HTXLW\ SUHPLXP DQG WKH ULVN�IUHH

UDWH SX]]OHV ODUJHO\ GLVDSSHDU ZKHQ WKH KRUL]RQ LV OHQJWKHQHG WR WZR \HDUV� SURYLGHG WKDW

VRPH IRUP RI WLPH�QRQVHSDUDELOLW\ LV LQFRUSRUDWHG LQWR FRQVXPHU SUHIHUHQFHV�

7KH UHPDLQGHU RI WKH SDSHU LV RUJDQL]HG DV IROORZV� 6HFWLRQ � SURYLGHV WKH PRWLYDWLRQ

IRU RXU SDSHU E\ VKRZLQJ KRZ IULFWLRQV RU FHUWDLQ W\SHV RI PHDVXUHPHQW HUURUV FDQ GLVUXSW

OLQN EHWZHHQ UHWXUQV DQG FRQVXPSWLRQ JURZWK DW KLJK IUHTXHQFLHV� EXW OHDYH WKH UHODWLRQ

LQWDFW DW ORZ IUHTXHQFLHV�ORQJ KRUL]RQV� 6HFWLRQ � GHVFULEHV WKH PRGHOV RI SUHIHUHQFHV

��7R FRQVHUYH VSDFH� ZH GR QRW UHSRUW RXU UHVXOWV XVLQJ WKH $EHO ������ PRGHO� 7KH\ DUH
DYDLODEOH XSRQ UHTXHVW IURP WKH DXWKRUV�

�



ZH XVH IRU WKH UHPDLQGHU RI WKH SDSHU� 6HFWLRQ � GHVFULEHV WKH WLPH�VHULHV PRGHO ZH

XVH WR LQYHVWLJDWH ��� DQG ���� 6HFWLRQ � SUHVHQWV RXU HPSLULFDO UHVXOWV� DQG VHFWLRQ �

VXPPDUL]HV�

� :K\ PLJKW FRQVXPSWLRQ�EDVHG SULFLQJ PRGHOV SHU�

IRUP EHWWHU DW ORQJHU KRUL]RQV" 7ZR H[DPSOHV

,Q WKLV VHFWLRQ ZH JLYH WZR H[DPSOHV LOOXVWUDWLQJ KRZ VPDOO IULFWLRQV DQG PHDVXUHPHQW

HUURUV FDQ GLVUXSW WKH OLQN EHWZHHQ FRQVXPSWLRQ DQG DVVHW UHWXUQV DW KLJK IUHTXHQ�

FLHV�VKRUW KRUL]RQV� DQG OHDG WR DQ DSSDUHQW UHMHFWLRQ RI WKH PRGHO� ,Q WKHVH H[DP�

SOHV� KRZHYHU� WKH ORZ�IUHTXHQF\ RU ORQJHU�KRUL]RQ LPSOLFDWLRQV RI WKH PRGHO DUH UREXVW

WR WKHVH SUREOHPV� 7KH nUVW H[DPSOH LQWURGXFHV UHDO IULFWLRQV LQWR D VLPSOH PRGHO RI

FRQVXPSWLRQ� DQG SRUWIROLR�FKRLFH� ,Q WKH VHFRQG H[DPSOH� ZH DVVXPH WKDW FRQVXPSWLRQ

GDWD LV FRQWDPLQDWHG ZLWK PHDVXUHPHQW HUURU�

��� 7KH HmHFW RI UHDO IULFWLRQV RQ FRQVXPSWLRQ�EDVHG SULFLQJ
DW VKRUW KRUL]RQV

7KH H[DPSOH RI WKLV VXEVHFWLRQ LV D YDULDQW RI WKH PRGHO RI *URVVPDQ 	 /DURTXH �������

7KHVH DXWKRUV LQWURGXFH n[HG FRVWV RI FRQVXPSWLRQ DGMXVWPHQW LQWR WKH 0HUWRQ ������

PRGHO RI FRQVXPSWLRQ DQG SRUWIROLR FKRLFH� ,Q SDUWLFXODU� D FRQVXPHU LQYHVWV LQ D SRUW�

IROLR FRPSRVHG RI D ULVN�IUHH DQG D ULVN\ DVVHW� 7KH ULVN�IUHH DVVHW SD\V D FRQVWDQW UHWXUQ�

ZKLOH WKH UHWXUQ WR WKH ULVN\ DVVHW LV D VLPSOH %URZQLDQ PRWLRQ ZLWK GULIW� 7KH FRQVXPHU

FKRRVHV D SDWK IRU WKH oRZ UDWH RI FRQVXPSWLRQ FW WR PD[LPL]H
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8QOLNH 0HUWRQ ������� KRZHYHU� FKDQJLQJ WKH oRZ UDWH RI FRQVXPSWLRQ UHTXLUHV SD\PHQW

RI D n[HG FRVW� 6SHFLnFDOO\� LI WKH FRQVXPSWLRQ UDWH LPPHGLDWHO\ EHIRUH D FRQVXPSWLRQ

FKDQJH DW GDWH W LV GHQRWHG FWb� WKH FRVW RI FRQVXPSWLRQ DGMXVWPHQW DW GDWH W LV wFWb�

ZKHUH � � w � �� ,I FRQVXPSWLRQ LV WKRXJKW RI DV D VHUYLFH oRZ IURP D VWRFN RI GXUDEOH

JRRGV� WKLV DGMXVWPHQW FRVW ZRXOG FRUUHVSRQG WR WKH FRVW RI EX\LQJ RU VHOOLQJ GXUDEOHV� ,I
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�DV LV PRUH FRPPRQ LQ HPSLULFDO VWXGLHV RI FRQVXPSWLRQ�EDVHG DVVHW SULFLQJ�� FRQVXPS�

WLRQ LV LQWHUSUHWHG DV WKH oRZ UDWH RI QRQGXUDEOH FRQVXPSWLRQ SXUFKDVHV� DGMXVWPHQW

FRVWV PLJKW LQFOXGH WKH WLPH VSHQW LPSOHPHQWLQJ D QHZ FRQVXPSWLRQ�VDYLQJV SODQ� VHDUFK

FRVWV LQ nQGLQJ YHQGRUV IRU WKH QHZ� EHWWHU �RU ZRUVH� TXDOLW\ JRRGV WR EH SXUFKDVHG�

RU HYHQ WKH SV\FKRORJLFDO HmRUW RI FRQVXPSWLRQ UH�RSWLPL]DWLRQ� �7KLV ODVW FDWHJRU\ RI

DGMXVWPHQW FRVWV LV UHODWHG WR ZKDW &RFKUDQH ������ FDOOV ?QHDU�UDWLRQDO EHKDYLRU���

:KHQ w  � �WKH 0HUWRQ ������ PRGHO�� WKH FRQVXPSWLRQ�ZHDOWK UDWLR LV FRQVWDQW�

+RZHYHU� ZLWK SRVLWLYH DGMXVWPHQW FRVWV �w ! ��� WKH LQGLYLGXDO
V ZHDOWK�FRQVXPSWLRQ

UDWLR IROORZV DQ �6� V� SDWWHUQ� $V VKRZQ E\ &DEDOOHUR ������� WKLV UHGXFHV ERWK WKH

YDULDQFH RI DJJUHJDWH FRQVXPSWLRQ JURZWK DQG WKH FRYDULDQFH EHWZHHQ DJJUHJDWH FRQ�

VXPSWLRQ JURZWK DQG WKH ULVN\ UHWXUQ� 7R VHH WKH LPSOLFDWLRQV IRU WKH HTXLW\ SUHPLXP�

FRQVLGHU WKH XQFRQGLWLRQDO YHUVLRQ RI HTXDWLRQ ����
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�,Q HTXDWLRQV ��� DQG ���� WKH WLPLQJ LQWHUYDO LV RQH PRQWK� DQG p LV DQ DQQXDO UDWH�� ,W

FDQ EH VKRZQ WKDW HTXDWLRQ ��� KROGV LGHQWLFDOO\ ZKHQ w  �� P~
W�~ LV GHnQHG E\ ����

DQG FRQVXPSWLRQ GDWD LV SRLQW�LQ�WLPH VDPSOHG� 6XSSRVH� KRZHYHU� WKDW DQ HFRQRPLVW

HUURQHRXVO\ XVHV HTXDWLRQ ��� WR FRPSXWH P~
W�~ LQ DQ HFRQRP\ ZKHUH w ! �� ,Q WKLV FDVH�

WKH FRYDULDQFH RQ WKH ULJKW�KDQG VLGH RI HTXDWLRQ ��� LV WRR ORZ WR nW WKH HTXLW\ SUHPLXP

�JLYHQ RQ WKH OHIW�KDQG VLGH RI ����� )XUWKHUPRUH� REVHUYHG PRQWKO\ FRQVXPSWLRQ GDWD

LV QRW SRLQW�LQ�WLPH VDPSOHG� EXW UHSUHVHQWV DQ DYHUDJH RYHU WKH PRQWK� 7KLV WLPH�

DYHUDJLQJ IXUWKHU UHGXFHV WKH FRYDULDQFH EHWZHHQ P~
W�~ DQG U~W�~ �

$ W\SLFDO H[DPSOH RI WKLV HmHFW LV GLVSOD\HG LQ )LJXUH ���� 7KLV nJXUH LOOXVWUDWHV�

IRU D SDUWLFXODU SDUDPHWHUL]DWLRQ� WKH EHKDYLRU RI ERWK WKH DFWXDO HTXLW\ SUHPLXP �WKH

OHIW�KDQG VLGH RI ���� DQG ZKDW PLJKW EH FDOOHG WKH ?WKHRUHWLFDO HTXLW\ SUHPLXP��WKH

��7KH VLPXODWLRQV RI WKH *URVVPDQ 	 /DURTXH ������ PRGHO GLVSOD\HG LQ )LJXUH � XVH WKH
SURFHGXUH GHVFULEHG LQ 0DUVKDOO 	 3DUHNK �������

�



ULJKW�KDQG VLGH RI ���� ZLWK P � ~ GHnQHG E\ ���� DV WKH KRUL]RQ ~ LQFUHDVHV� ,Q WKLV

nJXUH� WKH DGMXVWPHQW FRVW SDUDPHWHU w LV VHW WR ������ 7KH ULVN�IUHH UDWH DQG WKH GULIW

DQG GLmXVLRQ SDUDPHWHUV RI WKH ULVN\ UHWXUQ SURFHVV DUH FDOLEUDWHG WR SRVW�ZDU 86 GDWD���

o  b� �ZKLFK ZRXOG FRUUHVSRQG WR D FRHpFLHQW RI UHODWLYH ULVN DYHUVLRQ RI nYH ZKHQ

w  ��� DQG p  ���� 7R KDQGOH WKH LQFUHDVLQJ KRUL]RQ LQ D VLPSOH IDVKLRQ� ZH GLVSOD\

FRQWLQXRXVO\�FRPSRXQGHG HTXLW\ SUHPLXPV� LQ SHUFHQW SHU DQQXP� 7KDW LV� WKH WUXH

�FRQWLQXRXVO\�FRPSRXQGHG� PHDQ DQQXDO HTXLW\ SUHPLXP LV FRPSXWHG DV
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�
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7KH H[SUHVVLRQ LQ ��� LV LQYDULDQW WR ~ � VLQFH WKH HTXLW\ UHWXUQ LV D VLPSOH %URZQLDQ

PRWLRQ DQG WKH ULVN�IUHH UDWH LV FRQVWDQW��� :KHQ FDOLEUDWHG WR SRVW�ZDU 86 GDWD� WKH

H[SUHVVLRQ LQ ��� WDNHV RQ D YDOXH RI ����� ,W LV SORWWHG DV D GRWWHG OLQH LQ )LJXUH �� )RU

KRUL]RQV ~ UDQJLQJ IURP � PRQWK WR �� PRQWKV� WKH GDVKHG OLQH LQ )LJXUH � SORWV ��� ~�

WLPHV WKH YDOXHV RI WKH �FRQWLQXRXVO\�FRPSRXQGHG� WKHRUHWLFDO HTXLW\ SUHPLXP�

ORJ�bFRY�Hbp~ ��>FW�~  FW@
ob�� U~W�~ � � ���

LPSOLHG E\ WKH PRGHO ZKHQ FRQVXPSWLRQ FW LV VDPSOHG SRLQW�LQ�WLPH DW D PRQWKO\ IUH�

TXHQF\� 1RWLFH WKDW WKH PHDQ WKHRUHWLFDO HTXLW\ SUHPLXP LV RYHU IRXU WLPHV ORZHU WKDQ

WKH WUXH HTXLW\ SUHPLXP IRU WKH PRQWKO\ KRUL]RQ �~  � PRQWK�� +RZHYHU� WKLV GLVFUHS�

DQF\ YLUWXDOO\ GLVDSSHDUV DV WKH KRUL]RQ LQFUHDVHV WR IRXU \HDUV� 7KH VROLG OLQH SORWV WKH

WKHRUHWLFDO HTXLW\ SUHPLXP ZKHQ FRQVXPSWLRQ LV PHDVXUHG DV D PRQWKO\ DYHUDJH� 1R�

WLFH WKDW WKLV DYHUDJLQJ SURFHVV IXUWKHU UHGXFHV WKH WKHRUHWLFDO HTXLW\ SUHPLXP� $JDLQ�

WKH WKHRUHWLFDO HTXLW\ SUHPLXP FRPSXWHG LQ WKLV ZD\ PRYHV FORVH WR WKH WUXH HTXLW\

SUHPLXP DV WKH KRUL]RQ LQFUHDVHV WR IRXU \HDUV�

:KDW LV VWULNLQJ DERXW )LJXUH � LV KRZ VPDOO DQ DGMXVWPHQW FRVW LV QHHGHG WR LQ�

GXFH VXEVWDQWLDO GLVFUHSDQFLHV EHWZHHQ WKH WKHRUHWLFDO HTXLW\ SUHPLXP FRPSXWHG IURP

��7KH ULVN\ UHWXUQ LV FDOLEUDWHG WR PDWFK WKH PHDQ DQG YDULDQFH RI WKH PRQWKO\ UHDO UHWXUQ
WR WKH &563 YDOXH�ZHLJKWHG VWRFN SRUWIROLR IURP ������ WKURXJK �������� 7KH ULVN�IUHH UDWH U
LV FDOLEUDWHG WR WKH PHDQ RI WKH PRQWKO\ UHDO UHWXUQ WR RQH�PRQWK WUHDVXU\ ELOOV RYHU WKLV VDPH
SHULRG�
��,Q GHULYLQJ ��� IURP ���� ZH XVH WKH FRQVWDQF\ RI WKH ULVN�IUHH UDWH�

�



FRQVXPSWLRQ GDWD DQG WKH DFWXDO HTXLW\ SUHPLXP� 7R JLYH DQ LGHD RI WKH PDJQLWXGH RI

WKLV DGMXVWPHQW FRVW� SHU FDSLWD FRQVXPSWLRQ RI QRQGXUDEOHV DQG VHUYLFHV LQ WKH 8QLWHG

6WDWHV LQ ���� ZDV DSSUR[LPDWHO\ �������� $ YDOXH RI w HTXDO WR ����� ZRXOG FRUUH�

VSRQG WR D n[HG FRVW RI FRQVXPSWLRQ DGMXVWPHQW RI ���� &RVWV WKLV VPDOO DUH YLUWXDOO\

XQGHWHFWDEOH� 0RUHRYHU� VLQFH DJHQWV PRGLI\ WKHLU EHKDYLRU WR DYRLG SD\LQJ WKLV FRVW�

WKH HTXLOLEULXP UHGXFWLRQ LQ SHU FDSLWD FRQVXPSWLRQ GXH WR WKH DGMXVWPHQW FRVW LV HYHQ

VPDOOHU� )RU WKH SDUDPHWHUL]DWLRQ XVHG LQ )LJXUH �� WKH DYHUDJH IUDFWLRQ RI HFRQRP\�ZLGH

FRQVXPSWLRQ SDLG RXW LQ DGMXVWPHQW FRVWV LV RQO\ �� SDUWV SHU PLOOLRQ� $Q DOWHUQDWLYH

PHDVXUH RI WKH VL]H RI WKH DGMXVWPHQW FRVW LV LWV ZHOIDUH FRVW� PHDVXUHG DV WKH PD[LPXP

DPRXQW WKDW D FRQVXPHU ZRXOG SD\ WR SHUPDQHQWO\ UHGXFH w WR ]HUR� )RU WKH SDUDPHWHU�

L]DWLRQ LQ )LJXUH �� WKH DYHUDJH ZHOIDUH FRVW LV ������ �DERXW � ���� OHVV WKDQ D W\SLFDO

PXWXDO IXQG
V \HDUO\ PDQDJHPHQW IHH���

7KLV H[DPSOH VXJJHVWV WKDW H[WUHPHO\ VPDOO IULFWLRQV �PRGHOOHG KHUH DV FRVWV RI FRQ�

VXPSWLRQ DGMXVWPHQW� FDQ VXEVWDQWLDOO\ UHGXFH WKH FRYDULDQFH EHWZHHQ FRQVXPSWLRQ

JURZWK DQG HTXLW\ UHWXUQV DW VKRUW KRUL]RQV� DQG WKHUHIRUH UHGXFH WKH WKHRUHWLFDO HTXLW\

SUHPLXP FRPSXWHG IURP FRQVXPSWLRQ GDWD� +RZHYHU� WKHVH IULFWLRQV RXJKW WR KDYH OLWWOH

HmHFW RQ WKLV FRYDULDQFH DW ORQJHU KRUL]RQV�

��� 7KH HmHFW RI PHDVXUHPHQW HUURU RQ FRQVXPSWLRQ�EDVHG
SULFLQJ DW VKRUW KRUL]RQV

,Q WKH ODVW VXEVHFWLRQ ZH SUHVHQWHG DQ H[DPSOH WKDW LOOXVWUDWHV KRZ WKH SUHVHQFH RI UHDO

IULFWLRQV� VXFK DV FRQVXPSWLRQ DGMXVWPHQW FRVWV RU GXUDELOLW\� FDQ GH�OLQN FRQVXPSWLRQ

DQG DVVHW UHWXUQV DW KLJK IUHTXHQFLHV ZLWKRXW DmHFWLQJ WKHLU FR�PRYHPHQWV DW ORZHU

IUHTXHQFLHV� ,Q WKLV VXEVHFWLRQ� ZH SUHVHQW DQ H[DPSOH WKDW LOOXVWUDWHV KRZ FHUWDLQ W\SHV

RI PHDVXUHPHQW HUURUV LQ FRQVXPSWLRQ FDQ KDYH D VLPLODU HmHFW�

:H VWDUW E\ DVVXPLQJ� DV LQ +DQVHQ 	 6LQJOHWRQ ������� WKDW WKH ORJDULWKPV RI ERWK

��6HH 0DUVKDOO 	 3DUHNK ������ IRU D PRUH FRPSOHWH H[SORUDWLRQ RI WKLV PRGHO� DQG D FRP�
SDULVRQ RI LWV LPSOLFDWLRQV ZLWK REVHUYHG GDWD�
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FRQVXPSWLRQ DQG HTXLW\ SULFHV FDQ EH UHSUHVHQWHG DV *DXVVLDQ UDQGRP ZDONV ZLWK GULIW�

ORJ�FW�  ORJ�FWb�� � xF � qW ���

DQG

ORJ�SW�  ORJ�SWb�� � x6 � XW ���

ZKHUH SW GHQRWHV WKH SULFH SHU VKDUH RI HTXLW\ DW GDWH W� DQG qW DQG XW DUH L�L�G� *DXV�

VLDQ SURFHVVHV ZLWK ]HUR PHDQV DQG VWDQGDUG GHYLDWLRQV }q DQG }X� UHVSHFWLYHO\� 7KH

FRYDULDQFH EHWZHHQ WKHVH WZR SURFHVVHV LV GHQRWHG }q�X� :H DVVXPH IRU VLPSOLFLW\ WKDW

FRY�qW� XW�~ �  � IRU ~ � �� :H IXUWKHU DVVXPH WKDW WKHUH DUH QR GLYLGHQGV� VR WKH

ORJDULWKP RI WKH ~ �SHULRG HTXLW\ UHWXUQ LV�

ORJ�U~W�~ � s ORJ�SW�~ �b ORJ�SW�  ~x6 �
~;

L �

XW�L� ����

&RQVXPHU SUHIHUHQFHV DUH GHVFULEHG E\ WKH GLVFUHWH�WLPH DQDORJXH WR WKH WLPH�VHSDUDEOH

SRZHU XWLOLW\ VSHFLnFDWLRQ LQ ���� ,Q SDUWLFXODU� DJHQWV VROYH WKH IROORZLQJ PD[LPL]DWLRQ
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:H FDQ WDNH ORJDULWKPV RI ERWK VLGHV RI HTXDWLRQ ��� DQG XVH ���� DQG ����� DORQJ

ZLWK WKH SURSHUWLHV RI WKH ORJ QRUPDO GLVWULEXWLRQ� WR REWDLQ
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,Q WKH FDVH RI D �UHDO� ULVN�IUHH DVVHW� ZH KDYH�
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,W LV FRQYHQLHQW LQ WKLV H[DPSOH WR H[SUHVV WKH HTXLW\ SUHPLXP LQ WKLV PRGHO DV WKH ORJ

H[SHFWHG HTXLW\ UHWXUQ PLQXV WKH ULVN�IUHH UDWH� (TXDWLRQV ���� DQG ���� LPSO\ WKDW WKLV

DQQXDOL]HG HTXLW\ SUHPLXP LV JLYHQ E\�
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(TXDWLRQ ���� LV WKH DQDORJXH LQ WKLV PRGHO WR HTXDWLRQ ���� ,W FOHDUO\ LOOXVWUDWHV

KRZ XQGHUHVWLPDWLRQ RI }q�X� WKH FRUUHODWLRQ EHWZHHQ FRQVXPSWLRQ JURZWK DQG HTXLW\

UHWXUQV� FDQ LQGXFH DQ ?HTXLW\ SUHPLXP SX]]OH�� 1RWLFH WKDW� LQ WKLV VLPSOH H[DPSOH�

}q�X FRXOG EH HVWLPDWHG HLWKHU E\ FRPSXWLQJ FRY �cORJ�FW�� ORJ�U
�
W �� RU E\ FRPSXWLQJ

�
~
FRY �ORJ�FW�~ �b ORJ�FW�� ORJ�U

~
W ��� IRU ~ ! �� ,I FRQVXPSWLRQ LV DFFXUDWHO\ PHDVXUHG� WKH

HVWLPDWHV DW DOO KRUL]RQV ~ ZLOO EH WKH VDPH�

1RZ FRQVLGHU WKH FDVH ZKHUH REVHUYHG ORJ FRQVXPSWLRQ JURZWK �GHQRWHG GcFW� LV
PHDVXUHG ZLWK HUURU� GcFW  cORJ�FW� � yW�

ZKHUH yW LV VRPH PHDQ ]HUR PHDVXUHPHQW�HUURU SURFHVV� ,I WKH HUURUV LQ PHDVXUHG FRQ�

VXPSWLRQ DUH XQFRUUHODWHG ZLWK WUXH FRQVXPSWLRQ JURZWK DQG UHWXUQV� WKH\ ZLOO QRW

DmHFW WKH HVWLPDWHV RI }q�X� +RZHYHU� WKHUH DUH SODXVLEOH PRGHOV RI PHDVXUHPHQW HUURU

WKDW LPSO\ QHJDWLYH FRUUHODWLRQ EHWZHHQ WKH PHDVXUHPHQW HUURU DQG WKH YDULDEOH EHLQJ

PHDVXUHG� )RU H[DPSOH� VXSSRVH FRQVXPSWLRQ LQQRYDWLRQV DUH QRW IXOO\ LQFRUSRUDWHG

LQWR PHDVXUHG FRQVXPSWLRQ GDWD DW WKH WLPH WKH\ RFFXU� EXW DUH LQFRUSRUDWHG LQWR WKH

UHSRUWHG GDWD VHULHV RQO\ RYHU WLPH� :H FDQ IRUPXODWH D WUDFWDEOH PRGHO RI WKLV VRUW

RI PHDVXUHPHQW HUURU E\ VSHFLI\LQJ WKDW FXUUHQW REVHUYHG FRQVXPSWLRQ LV D ZHLJKWHG

DYHUDJH RI FXUUHQW WUXH FRQVXPSWLRQ DQG ODJJHG UHSRUWHG FRQVXPSWLRQ�

GcFW  |GcFWb� � �� b |�cORJ�FW�  |GcFWb� � �� b |��xF � qW� ����

ZKHUH | LV EHWZHHQ ]HUR DQG RQH� $ SURFHVV VLPLODU WR HTXDWLRQ ���� FRXOG DULVH EHFDXVH

WKH GDWD FROOHFWLRQ DJHQF\ GRHV QRW WUXVW UHSRUWV RI ODUJH GHYLDWLRQV IURP WKH FRQVXPS�

WLRQ OHYHO UHSRUWHG WKH SUHYLRXV SHULRG� 7KH\ PD\ URXQG GRZQZDUG WKHVH ODUJH UHSRUWHG
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FKDQJHV� LQGXFLQJ D VPRRWKHU SDWK IRU UHSRUWHG cFW� $OWHUQDWLYHO\� LI DOO VHFWRUV RI WKH

HFRQRP\ DUH QRW REVHUYHG HYHU\ SHULRG� LW LV SRVVLEOH WKDW D VHFWRU ZLWK D ODUJH LQQR�

YDWLRQ DW GDWH W PLJKW QRW DFWXDOO\ EH REVHUYHG DW W� 7KLV ODUJH LQQRYDWLRQ ZLOO QRW

EH LQFRUSRUDWHG LQWR UHSRUWHG FRQVXPSWLRQ XQWLO VRPH GDWH DIWHU W� 3URFHVV ���� LV D

WUDFWDEOH ZD\ WR DSSUR[LPDWH VXFK DQ HmHFW�

8QGHU ����� WKH HUURU LQ FRQVXPSWLRQ�JURZWK LV JLYHQ E\

yW  GcFW bcORJ�FW�  b|qW � �� b |� c >|qWb� � |�qWb� � c c c@�

DQG WKH DXWRFRYDULRJUDP RI REVHUYHG ORJ FRQVXPSWLRQ JURZWK LV JLYHQ E\�

FRY�GcFW�GcFWb~ �  
�� b |��
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)XUWKHUPRUH� LW LV VWUDLJKWIRUZDUG WR VKRZ WKDW WKH FURVV�FRYDULRJUDP EHWZHHQ REVHUYHG

ORJ FRQVXPSWLRQ JURZWK DQG UHWXUQV LV JLYHQ E\�

FRY�GcFW� XWb~ �  �� b |�}q�X|
~

IRU ~ w �� DQG ]HUR RWKHUZLVH� *LYHQ WKLV� WKH REVHUYHG ORQJ�KRUL]RQ FRYDULDQFH EHWZHHQ

ORJ FRQVXPSWLRQ JURZWK DQG ORJ UHWXUQV LV�
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ZKHUH GcF
~

W�~ GHQRWHV WKH JURZWK UDWH LQ REVHUYHG ORJ FRQVXPSWLRQ IURP GDWH W WKURXJK

GDWH W�~ � 8QOLNH WKH FDVH ZKHUH FRQVXPSWLRQ LV PHDVXUHG ZLWKRXW HUURU� LW QRZ PDWWHUV

ZKLFK KRUL]RQ ~ LV XVHG ZKHQ HVWLPDWLQJ }q�X� ,I ~ LV VPDOO� WKH ULJKW�KDQG VLGH RI ����

ZLOO EH VPDOOHU WKDQ }q�X� ,I WKLV HVWLPDWH LV XVHG LQ HTXDWLRQ ����� DQ HUURQHRXVO\ KLJK

YDOXH RI o ZRXOG EH QHHGHG WR PDNH WKLV HTXDWLRQ KROG� JLYLQJ WKH DSSHDUDQFH RI DQ

?HTXLW\ SUHPLXP SX]]OH�� :KHQ WKLV YDOXH RI o LV WKHQ XVHG LQ HTXDWLRQ ����� WKH ULJKW�

KDQG VLGH RI WKDW HTXDWLRQ ZLOO EH WRR KLJK� JLYLQJ WKH DSSHDUDQFH RI D ?ULVN�IUHH UDWH

SX]]OH�� 1RWH� KRZHYHU� WKDW WKH ULJKW�KDQG VLGH RI ���� LQFUHDVHV ZLWK WKH KRUL]RQ� DQG

WKDW LQ WKH OLPLW� DV ~ JRHV WR LQnQLW\�

OLP
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W�~ � U
~
W�~ �  }q�X

7KLV PHDQV WKDW� DV WKH KRUL]RQ ~ JURZV� WKH DSSDUHQW HTXLW\ SUHPLXP SX]]OH LQGXFHG

E\ WKH PHDVXUHPHQW HUURU SURFHVV ���� YDQLVKHV�
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� 0RGHOV RI 3UHIHUHQFHV

,Q WKH SUHFHGLQJ VHFWLRQ� ZH JDYH WZR H[DPSOHV ZKHUH DQ HTXLW\ SUHPLXP SX]]OH DULVHV DW

VKRUW KRUL]RQV� EXW QRW DW ORQJHU KRUL]RQV� )RU WKH UHPDLQGHU RI WKLV SDSHU ZH H[DPLQH

WKLV FRQMHFWXUH LQ GHWDLO� :H DVN ZKHWKHU WKH HTXLW\ SUHPLXP SX]]OH DQG WKH ULVN�

IUHH UDWH SX]]OH DUH SULPDULO\ VKRUW�KRUL]RQ SKHQRPHQD� :KLOH WKH VLPSOH H[DPSOHV RI

VHFWLRQ � XVH RQO\ WLPH�VHSDUDEOH SUHIHUHQFHV� ZH ZLOO H[DPLQH FRQVXPSWLRQ�EDVHG SULF�

LQJ XVLQJ ERWK WLPH�VHSDUDEOH SRZHU XWLOLW\ DQG &RQVWDQWLQLGHV ������ KDELW�IRUPDWLRQ

SUHIHUHQFHV�

��� 7LPH 6HSDUDEOH 3RZHU 8WLOLW\

7KH PRVW ZLGHO\�VWXGLHG �DQG ZLGHO\�UHMHFWHG� SUHIHUHQFH VSHFLnFDWLRQ LQ WKH FRQVXPSWLRQ�

EDVHG SULFLQJ OLWHUDWXUH LV WLPH�VHSDUDEOH SRZHU XWLOLW\� GHVFULEHG LQ HTXDWLRQV ���� DQG

����� &RFKUDQH 	 +DQVHQ ������ nQG WKDW WKH SHUIRUPDQFH RI WLPH�VHSDUDEOH XWLOLW\ DF�

WXDOO\ GHWHULRUDWHV DV WKH KRUL]RQ OHQJWKHQV� 7KH SUREOHP LV WKDW DJJUHJDWH FRQVXPSWLRQ

LV D �VWRFKDVWLFDOO\� JURZLQJ VHULHV� ,Q WKH WLPH�VHSDUDEOH PRGHO� DJHQWV VHHN WR WUDQVIHU

VRPH RI WKH KLJK IXWXUH FRQVXPSWLRQ WR WKH SUHVHQW E\ ERUURZLQJ� $ FRXQWHUIDFWXDOO\

KLJK ULVN�IUHH UDWH LV QHHGHG WR GLVFRXUDJH WKLV ERUURZLQJ� �5HFDOO WKDW QHW ERUURZLQJ

PXVW HTXDO ]HUR LQ HTXLOLEULXP�� ,Q SULQFLSOH� WKLV HmHFW FRXOG EH FRXQWHUHG E\ D VWURQJ

SUHFDXWLRQDU\ PRWLYH IRU VDYLQJ� DJHQWV PD\ ZLVK WR LQVXUH DJDLQVW WKH SRVVLELOLW\ RI FRQ�

VXPSWLRQ GRZQWXUQV� +RZHYHU� WKH SUREDELOLW\ RI D FRQVXPSWLRQ GRZQWXUQ JHWV VPDOOHU

DV WKH KRUL]RQ OHQJWKHQV� &RFKUDQH 	 +DQVHQ ������ QRWH WKDW WKHUH LV QR nYH�\HDU

SHULRG LQ SRVW�ZDU 86 GDWD RYHU ZKLFK DJJUHJDWH FRQVXPSWLRQ GHFOLQHV� $V D UHVXOW� WKH

WLPH�VHSDUDEOH PRGHO SUHGLFWV D ORZHU SUHFDXWLRQDU\ GHPDQG IRU VDYLQJV� DQG D KLJKHU

HTXLOLEULXP ULVN�IUHH UDWH� DV WKH KRUL]RQ OHQJWKHQV�

:KDW LV QHHGHG� WKHQ� LV D UHDVRQ ZK\ WKH SUHFDXWLRQDU\ PRWLYH IRU VDYLQJ UHPDLQV

VWURQJ DW ORQJHU KRUL]RQV� 2QH SRVVLEOH UHDVRQ LV WKDW DJHQW
V ZLWKLQ�SHULRG XWLOLW\�

RI�FRQVXPSWLRQ FKDQJHV WKURXJK WLPH� ,Q SDUWLFXODU� VXSSRVH DJHQWV VHHN SURWHFWLRQ�

QRW DJDLQVW DQ DEVROXWH GHFOLQH LQ FRQVXPSWLRQ� EXW DJDLQVW D GHFOLQH LQ FRQVXPSWLRQ
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UHODWLYH WR VRPH UHIHUHQFH SRLQW� ZKHUH WKH UHIHUHQFH SRLQW LWVHOI JURZV DW WKH VDPH
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IUHH SDUDPHWHUV� )RU H[DPSOH� LI QR H[�DQWH UHVWULFWLRQV ZHUH SODFHG RQ WKH PDWULFHV

%�� ����%T� �WKDW LV� LI HTXDWLRQ ���� ZHUH WUHDWHG DV DQ XQUHVWULFWHG 9$5 LQ WKH
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WR EH HVWLPDWHG 7KLV QXPEHU JURZV DW UDWH 1�� ,W LV HDV\ WR VHH WKDW PRGHVW YDOXHV RI

1�S� DQG T FDQ JLYH VHYHUH GHJUHHV�RI�IUHHGRP SUREOHPV�

*LYHQ WKLV SUREOHP RI SDUDPHWHU SUROLIHUDWLRQ� ZH H[SHULPHQWHG ZLWK UDWKHU UXWKOHVV

]HUR�UHVWULFWLRQV RQ WKH FRHpFLHQW PDWULFHV %�� ���� %T � :H DUULYHG DW WKH IROORZLQJ VSHFL�
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IURP WKH ULJKW�KDQG VLGH RI ����� 6HFRQG� LQ WKRVH HTXDWLRQV RI ���� ZKHUH WKH GHSHQGHQW

YDULDEOH LV D VTXDUHG UHVLGXDO RI WKH IRUP X�L�W��� RQO\ RZQ ODJJHG GHSHQGHQW YDULDEOHV
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WLRQ ���� FDQQRW EH FRPSXWHG DV D OLQHDU SURMHFWLRQ� DV LQ HTXDWLRQ ����� )RU ~ ! ��

FRPSXWLQJ WKHVH FRQGLWLRQDO FRYDULDQFH PDWULFHV ZRXOG UHTXLUH LQWHJUDWLQJ RXW WKH LQQR�

YDWLRQV ZW���ZW��� ���� ZW�~bL� D FRPSXWDWLRQDOO\ EXUGHQVRPH WDVN� $Q DOWHUQDWLYH ZD\
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W � 2QH FDQ UHMHFW

HTXDOLW\ RI WKHVH PHDQV DW WKH �� PDUJLQDO VLJQLnFDQFH OHYHO� DOWKRXJK QRW DW WKH ��

PDUJLQDO VLJQLnFDQFH OHYHOV� 7KH YDULDQFH RI J(3
�$

W LV LQVLJQLnFDQWO\ GLmHUHQW IURP WKH

YDULDQFH RI (3 �$W DW DQ\ FRQYHQWLRQDO VLJQLnFDQFH OHYHO �S�YDOXH  ������

����� &RQVXPSWLRQ 0HDVXUHG E\ 3XUFKDVHV RI 1RQGXUDEOHV

,Q WKLV VHFWLRQ� ZH UHSOLFDWH RXU DQDO\VLV ZLWK FRQVXPSWLRQ PHDVXUHG E\ QRQGXUDEOHV

RQO\� 7DEOH � LV DQDORJRXV WR 7DEOH �� H[FHSW WKDW FRQVXPSWLRQ LV PHDVXUHG E\ SXUFKDVHV

RI QRQGXUDEOH FRQVXPSWLRQ JRRGV� �7KDW LV� WKH VHUYLFHV FRPSRQHQW LV RPLWWHG IURP WKH

FRQVXPSWLRQ GDWD�� 7KH UHVXOWV IRU WKH WLPH�VHSDUDEOH PRGHO LPSURYH VRPHZKDW DW WKH

KLJKHVW OHYHOV RI ULVN DYHUVLRQ IRU WKH RQH� DQG WZR \HDU KRUL]RQV� EXW WKH\ VWLOO IDLO WR

FRPH FORVH WR PDWFKLQJ WKH GDWD� 7KH &RQVWDQWLQLGHV PRGHO� KRZHYHU� GRHV TXLWH ZHOO�

)LJXUH � SORWV WKH SRLQW HVWLPDWHV UHSRUWHG LQ 7DEOH � IRU WKH &RQVWDQWLQLGHV PRGHO�

��+DQVHQ DQG 6LQJOHWRQ ������ ������ *URVVPDQ� 0HOLQR� 	 6KLOOHU ������� &RFKUDQH 	

+DQVHQ ������
��'DQLHO 	 0DUVKDOO ������

��



1RWH WKDW WKH WKHRUHWLFDO HTXLW\ SUHPLXP PDWFKHV WKH PHDQ HTXLW\ SUHPLXP REVHUYHG

LQ WKH GDWD DW WKH WZR�\HDU KRUL]RQ ZLWK o  �� $FFRUGLQJ WR WKH S�YDOXHV LQ 7DEOH �� WKH

PHDQV RI WKH WKHRUHWLFDO HTXLW\ SUHPLXPV IRU WKHVH PRGHOV DUH LQVLJQLnFDQWO\ GLmHUHQW

IURP WKH PHDQV RI WKH REVHUYHG HTXLW\ SUHPLXPV DW DQ\ FRQYHQWLRQDO VLJQLnFDQFH OHYHO

7KH YDULDQFHV DUH LQVLJQLnFDQWO\ GLmHUHQW DW WKH WZR�\HDU KRUL]RQ� 7KH VHFRQG SDQHO RI

7DEOH � VKRZV WKDW� DV ZLWK QRQGXUDEOHV SOXV VHUYLFHV� WKH LPSURYHG SHUIRUPDQFH RI WKH

PRGHOV DW WKH WZR�\HDU KRUL]RQ LV SULPDULO\ GXH WR LQFUHDVHG FRUUHODWLRQ EHWZHHQ WKH

PDUJLQDO UDWH RI VXEVWLWXWLRQ DQG WKH HTXLW\ UHWXUQ�

)LJXUH � SORWV WKH (3 �$W DJDLQVW WKH J(3
�$

W VHULHV LPSOLHG E\ WKH &RQVWDQWLQLGHV PRGHO

ZLWK o  �� 7KH UHVXOWV DUH VLPLODU WR )LJXUH �� $JDLQ� WKH PRGHO FDQQRW UHSOLFDWH WKH

�8�VKDSHG� VHFXODU PRYHPHQW LQ (3 �$W �WKH FRUUHODWLRQ EHWZHHQ (3 �$W DQG J(3
�$

W LV RQO\

������ +RZHYHU� ZKHQ (3 �$
W LV UHJUHVVHG RQ WKLV J(3

�$

W SURFHVV� DORQJ ZLWK D OLQHDU DQG

TXDGUDWLF WLPH�WUHQG� WKH FRHpFLHQW RQ J(3
~$

W LV ������ ZLWK D VWDQGDUG HUURU RI �����

�VLJQLnFDQW DW WKH �� PDUJLQDO VLJQLnFDQFH OHYHO��

��� ,PSOLFDWLRQV IRU WKH 5LVN�)UHH 5DWH

:H QRZ WHVW HTXDWLRQ ���� IRU WKH PRGHOV VWXGLHG LQ WKH SUHYLRXV VHFWLRQ� :H DVN

ZKHWKHU WKH PHDQV DQG VWDQGDUG GHYLDWLRQV RI J5) ~

W PDWFK WKRVH RI 5)
~
W � DQG ZKHWKHU

WKHVH WZR VHULHV KDYH VXEVWDQWLDO SRVLWLYH FRUUHODWLRQ� $V ZLWK WKH HTXLW\ SUHPLXP� ZH

DQQXDOL]H E\ VHWWLQJ

5) ~$
W s

�

~
ORJ �5) ~

W �

J5) ~$

W s
�

~
ORJ

rJ5) ~

W

s
7DEOH � GLVSOD\V RXU UHVXOWV IRU WKH ULVN�IUHH UDWH ZKHQ FRQVXPSWLRQ LV PHDVXUHG

E\ H[SHQGLWXUHV RQ QRQGXUDEOHV SOXV VHUYLFHV� 7KH nUVW OLQH RI WKH WDEOH JLYHV RXU

HVWLPDWH RI WKH PHDQ DQG WKH YDULDQFH RI WKH REVHUYHG QRPLQDO ULVN� IUHH UDWH DW WKH

IRXU KRUL]RQV� 7KH UHPDLQGHU RI WKH WDEOH JLYHV WKH FRUUHVSRQGLQJ PRPHQWV RI WKH

WKHRUHWLFDO ULVN�IUHH UDWH J5) ~$

W LPSOLHG E\ RXU WZR SUHIHUHQFH PRGHOV� 7KH QXPEHUV LQ

SDUHQWKHVHV DUH DV\PSWRWLF S�YDOXHV WHVWLQJ ZKHWKHU �PHDQ>5) ~$
W @ bPHDQ>J5)$

W @� DQG

��



�YDU>5) ~$
W @ b YDU>J5)$

W @� DUH VLJQLnFDQWO\ GLmHUHQW IURP ]HUR���

2XU UHVXOWV IRU WKH WLPH�VHSDUDEOH PRGHO FOHDUO\ LOOXVWUDWH WKH ULVN�IUHH UDWH SX]]OHV�

)RU DOO o
V XS WR ��� DOO KRUL]RQV� DQG ERWK PHDVXUHV RI FRQVXPSWLRQ� WKH PHDQV DQG

YDULDQFHV RI WKH WKHRUHWLFDO ULVN�IUHH UDWHV LPSOLHG E\ WKH PRGHOV YDVWO\ H[FHHG WKH YDO�

XHV REVHUYHG LQ WKH GDWD� )XUWKHUPRUH� WKH PHDQ RI WKH WKHRUHWLFDO ULVN�IUHH UDWH ULVHV

GUDPDWLFDOO\ DV ULVN�DYHUVLRQ LQFUHDVHV�

+RZHYHU� WKH ULVN�IUHH UDWH SX]]OH LV IDU OHVV RI D SUREOHP ZLWK WKH &RQVWDQWLQLGHV

PRGHO� ,Q )LJXUH �� ZH SORW WKH SRLQW HVWLPDWHV IURP 7DEOH � IRU WKH &RQVWDQWLQLGHV

PRGHO� 7KH WRS SDQHOV LQ )LJXUH � SORWV WKH PHDQ RI 5) ~$
W �KHDY\ OLQHV� DW WKH IRXU

KRUL]RQV� DORQJ ZLWK WKH PHDQV RI J5) ~$

W IRU WKH &RQVWDQWLQLGHV PRGHO XVLQJ IRXU YDO�

XHV RI o� 7KH ERWWRP SDQHOV SORW
r
~
�

s �
�
WLPHV WKH VWDQGDUG GHYLDWLRQ RI 5) ~$

W DJDLQVW

WKH FRUUHVSRQGLQJ VWDWLVWLF IRU J5) ~$

W � 1RWLFH� nUVW� WKDW WKH PHDQV RI WKH WKHRUHWLFDO

ULVN�IUHH UDWH LPSOLHG E\ WKH &RQVWDQWLQLGHV PRGHO DUH DOO PXFK FORVHU WR WKH REVHUYHG

PHDQ ULVN�IUHH UDWH WKDQ ZLWK WLPH�VHSDUDEOH SUHIHUHQFHV� ,Q SDUWLFXODU� ZKHQ o HTXDOV

QLQH� WKH PHDQ WKHRUHWLFDO ULVN�IUHH UDWH FORVHO\ DSSUR[LPDWHV WKH YDOXH REVHUYHG LQ WKH

GDWD IRU DOO KRUL]RQV XS WR WZR \HDUV� �7KH IRUPDO K\SRWKHVLV WHVWV UHSRUWHG LQ 7DEOH

� UHYHDOV YLUWXDOO\ QR HYLGHQFH DJDLQVW WKH K\SRWKHVLV WKDW WKHVH PHDQV DUH LGHQWLFDO��

8QOLNH WKH WLPH�VHSDUDEOH PRGHO� WKH PHDQ RI WKH WKHRUHWLFDO ULVN�IUHH UDWH J5) ~$

W LQ WKH

&RQVWDQWLQLGHV PRGHO LV GHFUHDVLQJ LQ WKH OHYHO RI ULVN�DYHUVLRQ� ,QWXLWLYHO\� WKH SUHFDX�

WLRQDU\ GHPDQG LV PXFK PRUH LPSRUWDQW LQ WKHVH PRGHOV WKDQ LQ WKH WLPH�VHSDUDEOH

PRGHO� :KHQ o LQFUHDVHV IURP � WR ��� WKH PHDQ RI J5)�$W IDOOV IURP ����� WR ������

7KLV ODWWHU QXPEHU LV VRPHZKDW EHORZ WKH YDOXH RI ���� HVWLPDWHG IURP WKH GDWD� $V

LQGLFDWHG LQ 7DEOH �� LW LV VLJQLnFDQWO\ EHORZ 5) �$
W DW WKH �� PDUJLQDO VLJQLnFDQFH OHYHO�

DOWKRXJK QRW DW WKH �� PDUJLQDO VLJQLnFDQFH OHYHO�

/HW XV QRZ WXUQ WR WKH LPSOLFDWLRQV RI ORQJHU KRUL]RQV IRU WKH YDULDQFH RI J5) ~$

W � 7KH

&RQVWDQWLQLGHV PRGHO KDV EHHQ FULWLFL]HG IRU LPSO\LQJ FRXQWHUIDFWXDOO\ KLJK LQWHUHVW�UDWH

��$V LQ 7DEOH �� ZH FRQVWUXFW WKH S�YDOXHV XVLQJ �� 1HZH\�:HVW ODJV IRU WKH TXDUWHUO\� \HDUO\�

DQG WZR�\HDU KRUL]RQV� DQG �� ODJV IRU WKH WKUHH�\HDU KRUL]RQ� 7KH IDFW WKDWJ5)
$

W LV D JHQHUDWHG
VHULHV LV QRW WDNHQ LQWR FRQVLGHUDWLRQ LQ FRPSXWLQJ WKH S�YDOXHV�

��



YDULDELOLW\ DW VKRUW KRUL]RQV� 7KLV SUREOHP FDQ EH VHHQ FOHDUO\ LQ WKH ERWWRP SDQHO RI

)LJXUH �� ,Q SDUWLFXODU� DW WKH TXDUWHUO\ KRUL]RQ DOO �VFDOHG� VWDQGDUG GHYLDWLRQV RI J5)�$W
DUH RYHU DQ RUGHU RI PDJQLWXGH JUHDWHU WKDQ WKH FRUUHVSRQGLQJ VWDQGDUG GHYLDWLRQ IRU

5)�$W � +RZHYHU� WKLV H[FHVVLYH YRODWLOLW\ RI WKH WKHRUHWLFDO ULVN�IUHH UDWH EHFRPHV OHVV RI

D SUREOHP DW ORQJHU KRUL]RQV ZLWK WKH &RQVWDQWLQLGHV PRGHO� )RU DOO YDOXHV RI o VWXGLHG�

WKH YDULDQFH RI J5) ~$

W DFWXDOO\ DSSUR[LPDWHV WKH YDULDQFH RI WKH REVHUYHG 5) ~$
W IRU D

KRUL]RQ ~ VRPHZKHUH EHWZHHQ WZR DQG WKUHH \HDUV� $FFRUGLQJ WR 7DEOH �� WKH YDULDQFH RIJ5)��$W LPSOLHG E\ WKH &RQVWDQWLQLGHV PRGHO LV LQVLJQLnFDQWO\ GLmHUHQW IURP WKH YDULDQFH

RI 5)��$W IRU DOO o
V VWXGLHG� $W WKH ��TXDUWHU KRUL]RQ� WKH YDULDQFH RI WKH WKHRUHWLFDO

ULVN�IUHH UDWH LV VLJQLnFDQWO\ GLmHUHQW IURP WKH YDULDQFH RI WKH REVHUYHG ULVN�IUHH UDWH

RQO\ IRU WKH KLJKHVW o
V�

,W ZRXOG DSSHDU� WKHQ� WKDW WKH SUREOHP RI H[FHVVLYH YDULDELOLW\ LQ WKH ULVN�IUHH UDWH

LPSOLHG E\ WLPH�QRQVHSDUDEOH PRGHOV LV SULPDULO\ D VKRUW�KRUL]RQ SUREOHP� 7KH LQWXLWLRQ

EHKLQG WKLV UHVXOW LV WKDW WKH VKRUW�WHUP LQWHUHVW UDWH 5)�W LV DQ H[WUHPHO\ SHUVLVWHQW

VHULHV� ZKLOH 0�
W GLVSOD\V OLWWOH SHUVLVWHQFH� /HW XV DVVXPH� IRU SXUSRVHV RI H[SRVLWLRQ�

WKDW ORQJ LQWHUHVW UDWHV VDWLVI\ WKH IROORZLQJ YHUVLRQ RI WKH H[SHFWDWLRQV K\SRWKHVLV�

ORJ5) ~$
W�~  

�

~

~;
L �

(W

K
ORJ�5)�W�L�

L
� ����

,Q DGGLWLRQ�

J5) ~$

W s
�

~
ORJ

�
�

(W0~
W�~

�
{
�

~
(W

K
ORJ�0~

W�~ �
b�
L
 
b�

~

~;
L �

(W

K
ORJ�0�

W�L�
L
� ����

ZKHUH� LQ ����� ZH LJQRUH -HQVHQ
V LQHTXDOLW\ LQ PDNLQJ WKH DSSUR[LPDWLRQ� 6LQFH

ORJ�5)�W�L� LV D QHDU UDQGRP ZDON� WKH YDULDELOLW\ RI (W

K
ORJ�5) �

W�~ �
L
GRHV QRW GHFOLQH

VXEVWDQWLDOO\ DV ~ JHWV ELJ� $FFRUGLQJ WR ����� WKLV LPSOLHV WKDW WKH YDULDQFH RI ORJ5) ~$
W�~

LV UHODWLYHO\ LQVHQVLWLYH WR ~ � 2Q WKH RWKHU KDQG� 0�
W�L GLVSOD\V UDSLG PHDQ�UHYHUVLRQ� VR

(W

K
ORJ�0�

W�L�
L
z (

K
ORJ�0�

W�L�
L
IRU PRGHUDWHO\ ODUJH YDOXHV RI L� $V D UHVXOW� PRVW RI WKH

WHUPV LQ WKH ULJKW�KDQG VLGH RI ���� DUH DSSUR[LPDWHO\ QRQ VWRFKDVWLF� VR WKH YDULDQFH RI

�
~
(W

K
ORJ�0~

W�~ �
L
GURSV Rm UDSLGO\ DV ~ LQFUHDVHV�

,Q 7DEOH � DQG LQ )LJXUH �� ZH GLVSOD\ LPSOLFDWLRQV RI WKH PRGHOV IRU WKH ULVN�IUHH

UDWH ZKHQ FRQVXPSWLRQ LV PHDVXUHG DV H[SHQGLWXUHV RQ QRQGXUDEOHV� 7KH TXDOLWDWLYH

��



EHKDYLRU RI ERWK WKH PHDQ DQG WKH YDULDQFH RI J5) ~$

W LV VLPLODU WR WKH FDVH RI QRQGXUDEOHV

SOXV VHUYLFHV� )RU DOO PRGHOV� WKH YDULDQFH LV GHFUHDVLQJ LQ ~ � EXW WKLV HmHFW LV IDU

PRUH SURQRXQFHG LQ WKH WLPH�QRQVHSDUDEOH PRGHOV WKDQ ZLWK WLPH�VHSDUDEOH SUHIHUHQFHV�

:LWK &RQVWDQWLQLGHV SUHIHUHQFHV� PHDQ
tJ5) ~$

W

u
LV VRPHZKDW ORZHU ZLWK QRQGXUDEOH

FRQVXPSWLRQ WKDQ ZKHQ WKH VWDQGDUG QRQGXUDEOHV�SOXV�VHUYLFHV PHDVXUH LV XVHG� $W

WKH TXDUWHUO\ KRUL]RQ� WKLV PHDQ WDNHV RQ D ODUJH QHJDWLYH YDOXH IRU WKH KLJKHU o
V� $V

ZLWK WKH HVWLPDWHV XVLQJ QRQGXUDEOHV SOXV VHUYLFHV� WKH PHDQ RI J5) ~$

W LV LQFUHDVLQJ LQ

~ IRU WKHVH PRGHOV� VR WKHVH PHDQV GR WXUQ SRVLWLYH DW D VXpFLHQWO\ ORQJ KRUL]RQ� )RU

H[DPSOH� LQ WKH &RQVWDQWLQLGHV PRGHO ZLWK QRQGXUDEOH FRQVXPSWLRQ� WKH PHDQ RI J5) ��$

W

LV LQVLJQLnFDQWO\ GLmHUHQW IURP WKH PHDQ RI 5)��$W DW WKH �� PDUJLQDO VLJQLnFDQFH OHYHO�

:KLOH ERWK PHDVXUHV RI FRQVXPSWLRQ DOORZ WKH PRGHOV WR PDWFK WKH PHDQ DQG VWDQ�

GDUG GHYLDWLRQ RI WKH ULVN�IUHH UDWH IRU D KRUL]RQV EHWZHHQ WZR DQG WKUHH \HDUV� WKH

PRGHOV GR QRW FDSWXUH DQ\ RI WKH WLPH�VHULHV YDULDWLRQ LQ WKH REVHUYHG ULVN�IUHH UDWH� $V

LQ VHFWLRQ ���� ZH UHJUHVV WKH REVHUYHG ULVN� IUHH UDWH 5) ~$
W RQ WKH WKHRUHWLFDO ULVN�IUHH

UDWH J5) ~$

W DORQJ ZLWK D FRQVWDQW DQG OLQHDU DQG TXDGUDWLF WLPH�WUHQGV� 2XU SRLQW HVWL�

PDWHV IRU WKH FRHpFLHQW RQ J5) ~$

W DUH LQ DOO FDVHV QHJDWLYH� WKH HVWLPDWHV DUH LQVLJQLnFDQW

�DW WKH ��� PDUJLQDO VLJQLnFDQFH OHYHO� IRU WKH WZR� \HDU KRUL]RQ� EXW DUH VLJQLnFDQWO\

QHJDWLYH �DW WKH �� PDUJLQDO VLJQLnFDQFH OHYHO� IRU WKH WKUHH \HDU KRUL]RQ� :H FRQFOXGH

WKDW WKHVH PRGHOV GR QRW VXFFHHG LQ UHSOLFDWLQJ WKH WLPH�VHULHV PRYHPHQW RI WKH QRPLQDO

ULVN�IUHH UDWH�

� &RQFOXVLRQV

,Q WKLV SDSHU� ZH DVN ZKHWKHU FRQVXPSWLRQ�EDVHG PRGHOV DUH EHWWHU DEOH WR PDWFK RE�

VHUYHG HTXLW\ SUHPLXPV DQG ULVN�IUHH UDWHV DV WKH KRUL]RQ OHQJWKHQV� :H nQG WKDW WLPH

VHSDUDEOH XWLOLW\ IDLOV DW DOO KRUL]RQV ZLWK DOO PHDVXUHV RI FRQVXPSWLRQ� DQG WKH &RQ�

VWDQWLQLGHV PRGHO GRHV QRW IDUH SDUWLFXODUO\ ZHOO DW WKH TXDUWHUO\ KRUL]RQ� +RZHYHU� WKLV

PRGHO GLVSOD\V D VXEVWDQWLDO LPSURYHPHQW LQ nW ZKHQ WKH KRUL]RQ LV OHQJWKHQHG WR WZR

\HDUV� ,Q SDUWLFXODU� ZKHQ FRQVXPSWLRQ LV PHDVXUHG DV QRQGXUDEOHV SOXV VHUYLFHV �QHW

RI WKH LPSOLHG VHUYLFH oRZ IURP RZQHU� RFFXSLHG KRXVLQJ�� WKH &RQVWDQWLQLGHV PRGHO

��



ZLWK FXUYDWXUH SDUDPHWHU o VHW WR �� FRPHV TXLWH FORVH WR PDWFKLQJ WKH PRPHQWV RI WKH

WZR� \HDU HTXLW\ SUHPLXP� DQG UHSOLFDWHV VLJQLnFDQW IHDWXUHV RI WKH ZD\ WKH WZR� \HDU

HTXLW\�SUHPLXP YDULHV WKURXJK WLPH� )XUWKHUPRUH� WKHVH PRGHOV GR VXUSULVLQJO\ ZHOO DW

PDWFKLQJ WKH PRPHQWV RI WKH ULVN�IUHH UDWH DW KRUL]RQV EHWZHHQ WZR DQG WKUHH \HDUV�

7KHVH UHVXOWV DUH LQWULJXLQJ� 7KH\ VXJJHVW WKDW WKH HTXLW\ SUHPLXP DQG ULVN�IUHH

UDWH SX]]OHV FDQ EH VXEVWDQWLDOO\ UHVROYHG IRU WZR�\HDU UHWXUQV� 7KHUH DUH D QXPEHU RI

SRVVLEOH UHDVRQV ZK\ WKH FRQVXPSWLRQ�EDVHG DVVHW SULFLQJ SDUDGLJP PD\ IDLO DW VKRUW

KRUL]RQV� ,Q WKLV SDSHU� ZH UHYLHZ WZR FDQGLGDWH H[SODQDWLRQV� FRQVXPSWLRQ DGMXVWPHQW

FRVWV DQG FRQVXPSWLRQ PHDVXUHPHQW HUURU� $Q LPSRUWDQW LVVXH IRU IXWXUH UHVHDUFK LV WR

GLVWLQJXLVK DPRQJ WKHVH SRVVLEOH H[SODQDWLRQV� 7R WKLV HQG� D PDMRU SX]]OH LV ZK\ DOO

PRGHOV GUDPDWLFDOO\ IDLO WR PDWFK WKH HTXLW\�SUHPLXP DW WKH WKUHH�\HDU KRUL]RQ� 0DUNHW

IULFWLRQV FRXOG GLVUXSW WKH OLQNDJH EHWZHHQ DVVHW UHWXUQV DQG WKH FRQVXPSWLRQ�EDVHG

SULFLQJ NHUQHO DW VKRUW KRUL]RQV� ,W LV QRW FOHDU ZKDW HFRQRPLF PRGHO ZRXOG VLPLODUO\

GLVUXSW WKLV OLQNDJH DW WKH YHU\ ORQJ KRUL]RQV�

)LQDOO\� DQ DOWHUQDWLYH ZD\ RI PHDVXULQJ FRQVXPSWLRQ ZRXOG EH WR XVH WRWDO FRQ�

VXPSWLRQ H[SHQGLWXUHV� LQFOXGLQJ SXUFKDVHV RI QRQGXUDEOHV� VHUYLFHV� DQG GXUDEOH FRQ�

VXPSWLRQ JRRGV� 'XUDEOHV DUH XVXDOO\ RPLWWHG ZKHQ WHVWLQJ FRQVXPSWLRQ�EDVHG DVVHW

SULFLQJ PRGHOV EHFDXVH GXUDEOHV SXUFKDVHV GR QRW GLUHFWO\ HQWHU DJHQWV
 XWLOLW\ IXQFWLRQV�

5DWKHU� DJHQWV GHULYH XWLOLW\ IURP WKH VHUYLFH oRZ GHULYHG IURP WKH VWRFN RI FRQVXPHU

GXUDEOHV� +RZHYHU� RQH FDQ DUJXH WKDW WKH RPLVVLRQ RI FRQVXPHU GXUDEOHV PD\ EH LQDS�

SURSULDWH ZKHQ VWXG\LQJ ORQJHU�KRUL]RQ UHWXUQV� ,I WKH GXUDEOH JRRG GHSUHFLDWHV TXLFNO\

HQRXJK� WKH GLVWLQFWLRQ EHWZHHQ GXUDEOHV SXUFKDVHV DQG WKH GXUDEOHV VWRFN EHFRPHV OHVV

LPSRUWDQW DV WKH KRUL]RQ OHQJWKHQV� :H KDYH SHUIRUPHG WKH DQDO\VLV RI WKLV SDSHU ZLWK

FRQVXPSWLRQ PHDVXUHG DV WRWDO FRQVXPSWLRQ H[SHQGLWXUHV� 7KH UHVXOWV DUH EURDGO\ VLP�

LODU WR WKRVH IRU QRQGXUDEOHV SOXV VHUYLFHV� VR ZH GR QRW UHSRUW WKHP KHUH� 7KHVH UHVXOWV

DUH DYDLODEOH IURP WKH DXWKRUV XSRQ UHTXHVW�

��



5HIHUHQFHV

$EHO� $� %� ������ $VVHW SULFHV XQGHU KDELW IRUPDWLRQ DQG FDWFKLQJ XS ZLWK WKH
-RQHVHV� $PHULFDQ (FRQRPLF 5HYLHZ ��� ��^���

%HNDHUW� *� 	 5� -� +RGULFN ������ &KDUDFWHUL]LQJ SUHGLFWDEOH FRPSRQHQWV LQ H[FHVV
UHWXUQV RQ HTXLW\ DQG IRUHLJQ H[FKDQJH PDUNHWV� -RXUQDO RI )LQDQFH ��� ���^����

%ROOHUVOHY� 7� ������ 0RGHOLQJ WKH FRKHUHQFH LQ VKRUW�UXQ QRPLQDO H[FKDQJH UDWHV� $
PXOWLYDULDWH JHQHUDOL]HG $5&+ DSSURDFK� 5HYLHZ RI (FRQRPLFV DQG 6WDWLVWLFV ���
���^����

%ROOHUVOHY� 7�� 5� )� (QJOH� 	 -� 0� :RROGULGJH ������ $ FDSLWDO DVVHW SULFLQJ PRGHO
ZLWK WLPH YDU\LQJ FRYDULDQFHV� -RXUQDO RI 3ROLWLFDO (FRQRP\ ��� ���^����

&DEDOOHUR� 5� -� ������ 'XUDEOH JRRGV� $Q H[SODQDWLRQ IRU WKHLU VORZ DGXVWPHQW�
-RXUQDO RI 3ROLWLFDO (FRQRP\ ���� ���^����

&HFFKHWWL� 6� *�� 3��6� /DP� 	 1� &� 0DUN ������ 7KH HTXLW\ SUHPLXP DQG WKH ULVN�IUHH
UDWH� 0DWFKLQJ WKH PRPHQWV� -RXUQDO RI 0RQHWDU\ (FRQRPLFV ��� ��^���

&HFFKHWWL� 6� *�� 3��6� /DP� 	 1� &� 0DUN ������ 7HVWLQJ YRODWLOLW\ UHVWULFWLRQV RQ
LQWHUWHPSRUDO PDUJLQDO UDWHV RI VXEVWLWXWLRQ LPSOLHG E\ HXOHU HTXDWLRQV DQG DVVHW
UHWXUQV� -RXUQDO RI )LQDQFH ��� ���^����

&RFKUDQH� -� +� ������ 7KH VHQVLWLYLW\ RI WHVWV RI WKH LQWHUWHPSRUDO DOORFDWLRQ RI
FRQVXPSWLRQ WR QHDU�UDWLRQDO DOWHUQDWLYHV� $PHULFDQ (FRQRPLF 5HYLHZ ��� ���^
����

&RFKUDQH� -� +� 	 /� 3� +DQVHQ ������ $VVHW SULFLQJ H[SORUDWLRQV IRU PDFURHFRQRPLFV�
,Q 2� %ODQFKDUG 	 6� )LVFKHU �HGV��� ���� 1%(5 0DFURHFRQRPLFV $QQXDO� &DP�
EULGJH� 0,7 3UHVV�

&RQVWDQWLQLGHV� *� 0� ������ +DELW IRUPDWLRQ� $ UHVROXWLRQ RI WKH HTXLW\ SUHPLXP
SX]]OH� -RXUQDO RI 3ROLWLFDO (FRQRP\ ��� ���^����

&RQVWDQWLQLGHV� *� 0� 	 '� 'XpH ������ $VVHW SULFLQJ ZLWK KHWHURJHQHRXV FRQVXPHUV�
-RXUQDO RI 3ROLWLFDO (FRQRP\ ���� ���^����

&XWOHU� '� 0�� -� 0� 3RWHUED� 	 /� +� 6XPPHUV ������ 6SHFXODWLYH G\QDPLFV� 5HYLHZ
RI (FRQRPLF 6WXGLHV ��� ���^����

'DQLHO� .� '� 	 '� 0DUVKDOO ������ &RQVXPSWLRQ EDVHG PRGHOLQJ RI ORQJ�KRUL]RQ
UHWXUQV� 1RUWKZHVWHUQ 8QLYHUVLW\ :RUNLQJ 3DSHU�

(QJOH� 5� ������ $XWRUHJUHVVLYH FRQGLWLRQDO KHWHURVNHGDVWLFLW\ ZLWK HVWLPDWHV RI WKH
YDULDQFH RI 8�.� LQoDWLRQ� (FRQRPHWULFD ��� ���^�����

)DPD� (� )� 	 .� 5� )UHQFK ������ 'LYLGHQG \LHOGV DQG H[SHFWHG VWRFN UHWXUQV�
-RXUQDO RI )LQDQFLDO (FRQRPLFV ��� �^���

)DPD� (� )� 	 .� 5� )UHQFK ������ 3HUPDQHQW DQG WHPSRUDU\ FRPSRQHQWV RI VWRFN
SULFHV� -RXUQDO RI 3ROLWLFDO (FRQRP\ ��� ���^����

)DPD� (� )� 	 .� 5� )UHQFK ������ %XVLQHVV FRQGLWLRQV DQG H[SHFWHG UHWXUQV RQ VWRFNV
DQG ERQGV� -RXUQDO RI )LQDQFLDO (FRQRPLFV ��� ��^���

��



)URRW� .� ������ 6KRUW UDWHV DQG H[SHFWHG DVVHW UHWXUQV� XQSXEOLVKHG PDQXVFULSW�

*URVVPDQ� 6� -� 	 *� /DURTXH ������ $VVHW SULFLQJ DQG RSWLPDO SRUWIROLR FKRLFH LQ
WKH SUHVHQFH RI LOOLTXLG GXUDEOH FRQVXPSWLRQ JRRGV� (FRQRPHWULFD ��� ��^���

*URVVPDQ� 6� -�� $� 0HOLQR� 	 5� -� 6KLOOHU ������ (VWLPDWLQJ WKHFRQWLQXRXV�WLPH
FRQVXPSWLRQ�EDVHG DVVHW�SULFLQJ PRGHO� -RXUQDO RI %XVLQHVV DQG (FRQRPLF 6WDWLV�
WLFV �� ���^����

+DQVHQ� /� 3� 	 .� -� 6LQJOHWRQ ������ *HQHUDOL]HG LQVWUXPHQWDO YDULDEOHV HVWLPDWLRQ
RI QRQOLQHDU UDWLRQDO H[SHFWDWLRQV PRGHOV� (FRQRPHWULFD ��� ����^�����

+DQVHQ� /� 3� 	 .� -� 6LQJOHWRQ ������ 6WRFKDVWLF FRQVXPSWLRQ� ULVN DYHUVLRQ� DQG WKH
WHPSRUDO EHKDYLRU RI DVVHW UHWXUQV� -RXUQDO RI 3ROLWLFDO (FRQRP\ ��� ���^����

+H� +� 	 '� 0� 0RGHVW ������ 0DUNHW IULFWLRQV DQG FRQVXPSWLRQ�EDVHG DVVHW SULFLQJ�
-RXUQDO RI 3ROLWLFDO (FRQRP\ ���� ��^����

/XWWPHU� (� *� -� ������ $VVHW SULFLQJ LQ HFRQRPLHV ZLWK IULFWLRQV� 8QLYHUVLW\ RI
&KLFDJR PDQXVFULSW�

0DUVKDOO� '� ������ $VVHW UHWXUQ YRODWLOLW\ ZLWK H[WUHPHO\ VPDOO FRVWV RI FRQVXPSWLRQ
DGMXVWPHQW� )HGHUDO 5HVHUYH %DQN RI &KLFDJR :RUNLQJ 3DSHU 1R� :3�������

0DUVKDOO� '� 	 1� 3DUHNK ������ &DQ UHDO IULFWLRQV H[SODLQ DVVHW SULFLQJ SX]]OHV"�
0DQXVFULSW�

0HKUD� 5� 	 (� 3UHVFRWW ������ 7KH HTXLW\ SUHPLXP� $ SX]]OH� -RXUQDO RI 0RQHWDU\
(FRQRPLFV ��� ���^����

0HUWRQ� 5� &� ������ 2SWLPXP FRQVXPSWLRQ DQG SRUWIROLR UXOHV LQ D FRQWLQXRXV�WLPH
PRGHO� -RXUQDO RI (FRQRPLF 7KHRU\ �� ���^����

:HLO� 3� ������ 7KH HTXLW\ SUHPLXP SX]]OH DQG WKH ULVN�IUHH UDWH SX]]OH� -RXUQDO RI
0RQHWDU\ (FRQRPLFV ��� ���^����

��



$SSHQGL[

$ &RQVWUXFWLRQ RI WKH 'DWD

7KH TXDUWHUO\ UHDO QRQ�GXUDEOH DQG VHUYLFHV FRQVXPSWLRQ VHULHV� WKH GHoDWRUV IRU HDFK
RI WKHVH VHULHV� DQG WKH SRSXODWLRQ VHULHV �*323� ZHUH H[WUDFWHG IURP &,7,%$6( IRU
WKH ������������� SHULRG�

0RQWKO\ 9: LQGH[ UHWXUQV ZHUH REWDLQHG IURP &563� DQG ZHUH FXPXODWHG WR REWDLQ
TXDUWHUO\ UHWXUQV� 2QH PRQWK 7�%LOO UHWXUQV ZHUH WDNHQ IURP WKH &563 5,6.)5((
nOH� 2QH� WZR� DQG WKUHH \HDU QRPLQDOO\ ULVN�IUHH UDWHV ZHUH FRPSXWHG DV WKH UHWXUQV WR
RQH�� WZR�� DQG WKUHH�\HDU ]HUR�FRXSRQ ERQGV� FRPSXWHG IURP WKH )DPD�%OLVV GDWD LQ
&563�

7KH GHIDXOW VSUHDG� WHUP VSUHDG� DQG GLYLGHQG \LHOG DUH FDOFXODWHG IROORZLQJ )DPD
	 )UHQFK ������� XVLQJ GDWD VXSSOLHG E\ 5RJHU ,EERWVRQ�

��



lag=-8 to 8 Quarters
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7KLV SORW SUHVHQWV WKH FRUUHODWLRQ EHWZHHQ TXDUWHUO\ UHDO 9: LQGH[ UHWXUQV DW W DQG WKH
TXDUWHUO\ JURZWK UDWH RI UHDO QRQ�GXUDEOH DQG VHUYLFHV FRQVXPSWLRQ DW �W b ODJ� IRU ODJ  ��
WKURXJK �� TXDUWHUV� 7KH YHUWLFDO OLQHV LQ WKH FHQWHU RI WKH JUDSK LQGLFDWH WKH FRQWHPSRUDQHRXV
FRUUHODWLRQ�

)LJXUH �� &RUUHODWLRQ EHWZHHQ 5HDO 4XDUWHUO\ 9: ,QGH[ 5HWXUQV DW W DQG

5HDO 4XDUWHUO\ 1RQ�'XUDEOH DQG 6HUYLFHV &RQVXPSWLRQ *URZWK

��



lag=-8 to 8 Quarters
-0.4

-0.3
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7KLV SORW SUHVHQWV WKH FRUUHODWLRQ EHWZHHQ UHDO FXPXODWLYH RQH�\HDU 9: LQGH[ UHWXUQV DW W
DQG WKH RQH�\HDU JURZWK UDWH RI UHDO QRQ�GXUDEOH DQG VHUYLFHV FRQVXPSWLRQ DW �W b ODJ� IRU
ODJ  b� WKURXJK �� TXDUWHUV� 7KH YHUWLFDO OLQHV LQ WKH FHQWHU RI WKH JUDSK LQGLFDWH WKH
FRQWHPSRUDQHRXV FRUUHODWLRQ

)LJXUH �� &RUUHODWLRQ EHWZHHQ 5HDO 2QH�<HDU 9: ,QGH[ 5HWXUQV DW W DQG
5HDO 2QH�<HDU 1RQ�'XUDEOH DQG 6HUYLFHV &RQVXPSWLRQ *URZWK

��
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1RWHV� )RU KRUL]RQV ~ UDQJLQJ IURP � PRQWK WR �� PRQWKV� WKLV nJXUH SORWV
WKH WUXH �FRQWLQXRXVO\�FRPSRXQGHG� PHDQ HTXLW\ SUHPLXP �GRWWHG OLQH�� DV ZHOO DV
��� ~� WLPHV WKH YDOXHV RI WKH �FRQWLQXRXVO\�FRPSRXQGHG� WKHRUHWLFDO HTXLW\ SUHPLXP�

ORJ�bFRY�Hbp~ ��>FW�~ FW@
Db�� U~W�~ � � ��� LPSOLHG E\ WKH PRGHO� 7KH GDVKHG OLQH SORWV WKH

WKHRUHWLFDO HTXLW\ SUHPLXP ZLWK FRQVXPSWLRQ SRLQW�LQ�WLPH VDPSOHG� ZKLOH WKH VROLG OLQH SORWV
WKH WKHRUHWLFDO HTXLW\ SUHPLXP ZLWK FRQVXPSWLRQ PHDVXUHG DV D PRQWKO\ DYHUDJH� 7KH PRGHO
SDUDPHWHUV DUH VHW DV IROORZV� w  ������ o  b�� p  ���� LQVWDQWDQHRXV ULVN�IUHH UDWH �DQ�
QXDOL]HG�  ������� LQVWDQWDQHRXV H[FHVV UHWXUQ WR ULVN\ DVVHW �DQQXDOL]HG�  ������� GLmXVLRQ
SDUDPHWHU IRU WKH ULVN\ DVVHW � LQVWDQWDQHRXV VWDQGDUG GHYLDWLRQ� DQQXDOL]HG�  ������� 7KH
DJJUHJDWH FRQVXPSWLRQ SURFHVV FW ZDV FRPSXWHG E\ VLPXODWLQJ WKH RSWLPDO GHFLVLRQV RI ���
LQGLYLGXDOV IRU ����� \HDUV DQG VXPPLQJ FURVV�VHFWLRQDOO\�

)LJXUH �� 7KHRUHWLFDO (TXLW\ 3UHPLXP �ZLWK DQG ZLWKRXW WLPH DJJUHJDWLRQ�

YHUVHV DFWXDO (TXLW\ 3UHPLXP ���\HDU�

��
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STANDARD DEVIATION

7KLV nJXUH GLVSOD\V PHDQV �WRS SDQHO� DQG VWDQGDUG GHYLDWLRQV �ERWWRP SDQHO� RI WKH DQQXDO�

L]HG HTXLW\ SUHPLXP (3 ~$
W �VROLG OLQH� DQG WKH DQQXDOL]HG WKHRUHWLFDO HTXLW\ SUHPLXP J(3

~$

W
LPSOLHG E\ WKH &RQVWDQWLQLGHV PRGHO ZLWK o  � �LQGLFDWHG E\ �d��� � �LQGLFDWHG E\ �
�� � ��
�LQGLFDWHG E\ �
��� DQG �� �LQGLFDWHG E\ ����� DQG ZLWK FRQVXPSWLRQ PHDVXUHG E\ H[SHQGL�

WXUHV RQ QRQGXUDEOHV SOXV VHUYLFHV� 7KH VWDQGDUG GHYLDWLRQV DUH DOO VFDOHG E\
b
~
�

c��
DV LQ �����

WR IDFLOLWDWH FRPSDULVRQ DFURVV KRUL]RQV� 7KH KRUL]RQV DUH ~  �� �� �� DQG �� TXDUWHUV�

)LJXUH �� (TXLW\ 3UHPLXP YV� 7KHRUHWLFDO (TXLW\ 3UHPLXP� &RQVWDQWLQLGHV

0RGHO� 1RQGXUDEOHV 3OXV 6HUYLFHV

��
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7KLV nJXUH GLVSOD\V WLPH�VHULHV SORWV RI WKH DQQXDOL]HG HTXLW\ SUHPLXP(3 ~$
W �GDVKHG OLQHV� DQG

WKH DQQXDOL]HG WKHRUHWLFDO HTXLW\ SUHPLXP J(3
~$

W �VROLG OLQHV� LPSOLHG E\ WKH &RQVWDQWLQLGHV
PRGHO ZLWK o  ��� &RQVXPSWLRQ LV PHDVXUHG E\ H[SHQGLWXUHV RQ QRQGXUDEOHV SOXV VHUYLFHV�
DQG WKH KRUL]RQ ~  � TXDUWHUV�

)LJXUH �� (TXLW\ 3UHPLXP YV� 7KHRUHWLFDO (TXLW\ 3UHPLXP �&RQVWDQWLQLGHV

0RGHO� 8VLQJ 1RQGXUDEOHV 3OXV 6HUYLFHV� 7LPH�6HULHV 3ORWV

��
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7KLV nJXUH GLVSOD\V PHDQV �WRS SDQHO� DQG VWDQGDUG GHYLDWLRQV �ERWWRP SDQHO� RI WKH DQQXDO�

L]HG HTXLW\ SUHPLXP (3 ~$
W �VROLG OLQH� DQG WKH DQQXDOL]HG WKHRUHWLFDO HTXLW\ SUHPLXP J(3

~$

W
LPSOLHG E\ WKH &RQVWDQWLQLGHV PRGHO ZLWK o  � �LQGLFDWHG E\ �d��� � �LQGLFDWHG E\ �
�� �
� �LQGLFDWHG E\ �
��� DQG � �LQGLFDWHG E\ ����� ZLWK FRQVXPSWLRQ PHDVXUHG E\ SXUFKDVHV RI

FRQVXPHU QRQGXUDEOHV� 7KH VWDQGDUG GHYLDWLRQV DUH DOO VFDOHG E\
b
~
�

c��
DV LQ ����� WR IDFLOLWDWH

FRPSDULVRQ DFURVV KRUL]RQV� 7KH KRUL]RQV DUH ~  �� �� �� DQG �� TXDUWHUV�

)LJXUH �� (TXLW\ 3UHPLXP YV� 7KHRUHWLFDO (TXLW\ 3UHPLXP� &RQVWDQWLQLGHV

0RGHO� 1RQGXUDEOHV

��
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7KLV nJXUH GLVSOD\V WLPH�VHULHV SORWV RI WKH DQQXDOL]HG HTXLW\ SUHPLXP(3 ~$
W �GDVKHG OLQHV� DQG

WKH DQQXDOL]HG WKHRUHWLFDO HTXLW\ SUHPLXP J(3
~$

W �VROLG OLQHV� LPSOLHG E\ WKH &RQVWDQWLQLGHV
PRGHO ZLWK o  �� &RQVXPSWLRQ LV PHDVXUHG E\ H[SHQGLWXUHV RQ FRQVXPHU QRQGXUDEOHV� DQG
WKH KRUL]RQ ~  � TXDUWHUV�

)LJXUH �� (TXLW\ 3UHPLXP YV� 7KHRUHWLFDO (TXLW\ 3UHPLXP� 7LPH�6HULHV

3ORWV� 1RQGXUDEOH &RQVXPSWLRQ

��
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STANDARD DEVIATION

7KH WRS SDQHO SORWV WKH PHDQ RI WKH DQQXDOL]HG ULVN�IUHH UDWH 5) ~$
W DW WKH IRXU KRUL]RQV ~  ��

�� �� DQG �� TXDUWHUV �VROLG OLQH�� DORQJ ZLWK WKH PHDQV RI WKH DQQXDOL]HG WKHRUHWLFDO ULVN�IUHH

UDWH J5)
~$

W IRU WKH &RQVWDQWLQLGHV PRGHO ZLWK o  � �LQGLFDWHG E\ �d��� � �LQGLFDWHG E\ �
��

� �� �LQGLFDWHG E\ �
��� DQG �� �LQGLFDWHG E\ ����� 7KH ERWWRP SDQHO SORW
b
~
�

c �
� WLPHV WKH

VWDQGDUG GHYLDWLRQ RI 5) ~$
W DW WKH IRXU KRUL]RQV �VROLG OLQH� DJDLQVW WKH FRUUHVSRQGLQJ VWDWLVWLF

IRU J5)
~$

W IRU WKH IRXU YDOXHV RI o� &RQVXPSWLRQ LV PHDVXUHG E\ H[SHQGLWXUHV RQ QRQGXUDEOHV
SOXV VHUYLFHV�

)LJXUH �� 5LVN�)UHH 5DWH YV� 7KHRUHWLFDO 5LVN�)UHH 5DWH� &RQVWDQWLQLGHV

0RGHO� 1RQGXUDEOHV 3OXV 6HUYLFHV &RQVXPSWLRQ

��
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STANDARD DEVIATION

7KHVH nJXUHV GLVSOD\ PHDQV DQG VWDQGDUG GHYLDWLRQV RI WKH DQQXDOL]HG ULVN�IUHH UDWH 5) ~$
W

DQG WKH DQQXDOL]HG WKHRUHWLFDO ULVN�IUHH UDWH J5)
~$

W LPSOLHG E\ WKH &RQVWDQWLQLGHV PRGHO ZLWK
o  � �LQGLFDWHG E\ �d��� � �LQGLFDWHG E\ �
�� � � �LQGLFDWHG E\ �
��� DQG � �LQGLFDWHG E\
����� DQG ZLWK FRQVXPSWLRQ PHDVXUHG E\ FRQVXPSWLRQ H[SHQGLWXUHV RQ QRQGXUDEOHV� 7KH

VWDQGDUG GHYLDWLRQV DUH DOO VFDOHG E\
b
~
�

c �
� DV LQ ����� WR IDFLOLWDWH FRPSDULVRQ DFURVV KRUL]RQV�

7KH KRUL]RQV DUH ~  �� �� �� DQG �� TXDUWHUV�

)LJXUH �� 5LVN�)UHH 5DWH YV� 7KHRUHWLFDO 5LVN�)UHH 5DWH� &RQVWDQWLQLGHV

0RGHO� 1RQGXUDEOH &RQVXPSWLRQ

��



7DEOH �� 1XPEHU RI QRQ�SRVLWLYH�GHnQLWH DSSUR[LPDWH FRYDULDQFH PDWULFHV

JHQHUDWHG E\ WKH OLQHDU PRGHO

)RU HDFK PRGHO LQ HTXDWLRQV ���� DQG ����� WKLV JLYHV WKH QXPEHU RI REVHUYDWLRQV IRU ZKLFK
ZH REWDLQHG QRQ�SRVLWLYH�GHnQLWH HVWLPDWHV IRU WKH PDWUL[ +W��� GHnQHG LQ ����� 7KH FROXPQV
ODEHOHG �1RQGXU � 6HUY�� DUH IRU WKH PRGHOV ZKHUH FRQVXPSWLRQ LV PHDVXUHG DV H[SHQGLWXUHV
RQ FRQVXPHU QRQGXUDEOHV SOXV VHUYLFHV� WKH FROXPQV ODEHOHG �1RQGXUDEOHV� DUH IRU WKH PRGHOV
ZKHUH FRQVXPSWLRQ LV PHDVXUHG DV QRQGXUDEOH FRQVXPSWLRQ H[SHQGLWXUHV� ,Q WKH &RQVWDQ�
WLQLGHV PRGHO� WKH PD[LPXP YDOXHV RI o IRU ZKLFK DOO PDUJLQDO XWLOLWLHV ZHUH SRVLWLYH HTXDOHG
�� IRU QRQGXUDEOHV SOXV VHUYLFHV DQG � IRU QRQGXUDEOH FRQVXPSWLRQ�

7LPH�6HSDUDEOH 3UHIHUHQFHV

1RQGXU� � 6HUY� 1RQGXUDEOHV

+RUL]RQ �<UV�� +RUL]RQ �<UV�

o ���� � � � ���� � � �

�� �� � � � �� � � �

�� �� � � � �� � � �

�� �� � � � �� � � �

�� �� � � � �� � � �

&RQVWDQWLQLGHV 3UHIHUHQFHV

1RQGXU� � 6HUY� 1RQGXUDEOHV

+RUL]RQ �<UV�� +RUL]RQ �<UV�

o ���� � � � ���� � � �

� �� � � � �� � � �

� �� � � � �� � � �

� �� � � � �� � � �

� �� � � � �� � � �

�� �� � � �

�� �� � � �

��



7DEOH �� 7HVWV RI (TXLW\�3UHPLXP 0RGHO� 1RQGXUDEOHV � 6HUYLFHV

7KLV WDEOH GLVSOD\V PHDQV DQG YDULDQFHV RI (3 ~$
W � DORQJ ZLWK WKH FRUUHVSRQGLQJ PRPHQWV RI

WKH WKHRUHWLFDO HTXLW\ SUHPLXP J(3
~$

W LPSOLHG E\ WKH WLPH�VHSDUDEOH PRGHO DQG WKH &RQVWDQ�

WLQLGHV ������ PRGHO� (DFK PRGHO LV HYDOXDWHG DW IRXU YDOXHV IRU WKH FXUYDWXUH SDUDPHWHU o�
ZLWK FRQVXPSWLRQ PHDVXUHG DV H[SHQGLWXUHV RQ QRQGXUDEOHV SOXV VHUYLFHV� 7KH QXPEHUV LQ
SDUHQWKHVHV DUH DV\PSWRWLF S�YDOXHV WHVWLQJ ZKHWKHU WKH PHDQV DQG YDULDQFH RI (3 ~$

W HTXDO

WKH FRUUHVSRQGLQJ PRPHQWV RI J(3
~$

W � 6SHFLnFDOO\� WKH QXPEHUV LQ SDUHQWKHVHV WKH WZR�VLGHG
S�YDOXHV IRU WKH VWDQGDUG QRUPDO GLVWULEXWLRQ HYDOXDWHG DW =PHDQ �IRU WKH FROXPQV ODEHOHG
�PHDQ�� DQG =YDU �IRU WKH FROXPQV ODEHOHG �YDU��� DV GHnQHG LQ HTXDWLRQV ���� DQG ����

+25,=21
TXDUWHUO\ ��\HDU ��\HDU ��\HDU

o PHDQ YDU PHDQ YDU PHDQ YDU PHDQ YDU

(VWLPDWHG (TXLW\ 3UHPLXP

������ ������ ������ ������ ������ ������ ������ ������

7LPH�6HSDUDEOH 0RGHO� 1RQGXUDEOHV � 6HUYLFHV

�� ������ ������ ������ ������ ������ ������ ������ ������
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7DEOH �� 7HVWV RI (TXLW\�3UHPLXP 0RGHO� 1RQGXUDEOH &RQVXPSWLRQ

7KLV WDEOH GLVSOD\V PHDQV DQG YDULDQFHV RI (3 ~$
W � DORQJ ZLWK WKH FRUUHVSRQGLQJ PRPHQWV RI WKH

WKHRUHWLFDO HTXLW\ SUHPLXP J(3
~$

W LPSOLHG E\ WKH WLPH�VHSDUDEOH PRGHO� DQG WKH &RQVWDQWLQLGHV
������ PRGHO� (DFK PRGHO LV HYDOXDWHG DW IRXU YDOXHV IRU WKH FXUYDWXUH SDUDPHWHU o� ZLWK
FRQVXPSWLRQ PHDVXUHG DV H[SHQGLWXUHV RQ QRQGXUDEOHV VHUYLFHV�
7KH QXPEHUV LQ SDUHQWKHVHV DUH DV\PSWRWLF S�YDOXHV WHVWLQJ ZKHWKHU WKH PHDQV DQG YDULDQFH RI

(3 ~$
W HTXDO WKH FRUUHVSRQGLQJ PRPHQWV RI J(3

~$

W � 6SHFLnFDOO\� WKH QXPEHUV LQ SDUHQWKHVHV WKH
WZR�VLGHG S�YDOXHV IRU WKH VWDQGDUG QRUPDO GLVWULEXWLRQ HYDOXDWHG DW =PHDQ �IRU WKH FROXPQV
ODEHOHG �PHDQ�� DQG =YDU �IRU WKH FROXPQV ODEHOHG �YDU��� DV GHnQHG LQ HTXDWLRQV ���� DQG
����
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7DEOH �� 7HVWV RI 5LVNIUHH 5DWH 0RGHO� 1RQGXUDEOHV � 6HUYLFHV

7KLV WDEOH GLVSOD\V PHDQV DQG YDULDQFHV RI WKH QRPLQDO ULVN�IUHH UDWH 5) ~$
W � DORQJ ZLWK WKH

FRUUHVSRQGLQJ PRPHQWV RI WKH WKHRUHWLFDO ULVN�IUHH UDWH J5)
~$

W LPSOLHG E\ WKH WLPH�VHSDUDEOH
PRGHO DQG WKH &RQVWDQWLQLGHV ������ PRGHO� (DFK PRGHO LV HYDOXDWHG DW IRXU YDOXHV IRU WKH
FXUYDWXUH SDUDPHWHU o� ZLWK FRQVXPSWLRQ PHDVXUHG DV H[SHQGLWXUHV RQ QRQGXUDEOHV SOXV VHU�
YLFHV� 7KH QXPEHUV LQ SDUHQWKHVHV DUH DV\PSWRWLF S�YDOXHV WHVWLQJ ZKHWKHU WKH PHDQV DQG

YDULDQFH RI 5) ~$
W HTXDO WKH FRUUHVSRQGLQJ PRPHQWV RI J5) ~$

W � 6SHFLnFDOO\� WKH QXPEHUV LQ
SDUHQWKHVHV WKH WZR�VLGHG S�YDOXHV IRU WKH VWDQGDUG QRUPDO GLVWULEXWLRQ HYDOXDWHG DQDORJRXVO\
WR =PHDQ �IRU WKH FROXPQV ODEHOHG �PHDQ�� DQG =YDU �IRU WKH FROXPQV ODEHOHG �YDU��� DV GHnQHG
LQ HTXDWLRQV ���� DQG ����
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7DEOH �� 7HVWV RI 5LVN�)UHH 5DWH 0RGHO� 1RQGXUDEOH &RQVXPSWLRQ

7KLV WDEOH GLVSOD\V PHDQV DQG YDULDQFHV RI WKH QRPLQDO ULVN�IUHH UDWH 5) ~$
W � DORQJ ZLWK WKH

FRUUHVSRQGLQJ PRPHQWV RI WKH WKHRUHWLFDO ULVN�IUHH UDWH J5)
~$

W LPSOLHG E\ WKH WLPH�VHSDUDEOH
PRGHO DQG WKH &RQVWDQWLQLGHV ������ PRGHO� (DFK PRGHO LV HYDOXDWHG DW IRXU YDOXHV IRU WKH
FXUYDWXUH SDUDPHWHU o� ZLWK FRQVXPSWLRQ PHDVXUHG DV H[SHQGLWXUHV RQ QRQGXUDEOHV� 7KH
QXPEHUV LQ SDUHQWKHVHV DUH DV\PSWRWLF S�YDOXHV WHVWLQJ ZKHWKHU WKH PHDQV DQG YDULDQFH RI

5) ~$
W HTXDO WKH FRUUHVSRQGLQJ PRPHQWV RI J5)

~$

W � 6SHFLnFDOO\� WKH QXPEHUV LQ SDUHQWKHVHV
WKH WZR�VLGHG S�YDOXHV IRU WKH VWDQGDUG QRUPDO GLVWULEXWLRQ HYDOXDWHG DQDORJRXVO\ WR =PHDQ

�IRU WKH FROXPQV ODEHOHG �PHDQ�� DQG =YDU �IRU WKH FROXPQV ODEHOHG �YDU��� DV GHnQHG LQ
HTXDWLRQV ���� DQG ����
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